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PRE FAC E. 



i & the Want of a plUin and eafy Ih^ 
S trodudliont whereby the induftriout 
% Learnert without the Affiftance of 
£ a Mafter^ might arrive to a f mall 
Degree of Skill in the DoSirine of Fluxions^ 
was the only Inducement to this Work ; *ti% hop- 
ed the following Sheets -wiU need no Apohgy\ 
they being principally defgned to fupply this 
Deficiency^ and to ajjm the ingenious Student^ 
by removing, in fome Meafure, thofe Clouds tf 
Darknefs and ObfcUrity^ in which the Treatifef 
j>n this Subje£i are too often involved* 



iv The PREFACE. 

^ho' in^wbat is here delivered^ neither any of 
the mo/i difficult and abjlrufe Parts of the Doc^ 
trine of Fluxions are contained^ nor many new 
Difcoveries made ; yet as it may tend to give 
the Learner a perfect Notion of and excite him 
to fearch farther into that noble and ufejul 
Science^ it mayjuj^ly defervefome Favour from 
the Public. ' ' 

Jlje Entrance on every Science is always the 
moji difficult I and the gaining clear and ju/i 
Id^as atfrjl^ as it is the mo/i uneafy PMtty fo if 
is thefurejl Pledge of future Succefs. 

■ The Mind cannot be eafily brought to conceive 
of Wings entire^ uninotbn before^ or in a Man-' 
ner different from that to which it has hitherto 
been accujlomed. Men are ufed to talk andrea^ 
Jon of finite S^antities only ^ but here we mufi 
<0iceive of thofe which are lefs than can be af 
figned'y ofthsfe which are but jufi coming into 
Beings or jufi vamjhing out of it. ' 

Here ^antities are confidered as generated 

ly a continual htcreafe^ after the Manner of a 

Space^ which a Thing or Point in Motion de^ 

fcribes : Thus a Line is conceived to be generated 

by a Point in Motion y a Superficies by a Line, 

and 
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7^^ PREFACE. V 

and a Solid by a Superficies. Now (fs a Line 
generated by a Point mufi be pajfed over^ or de-^ 
fcribed^ with fome certain Degree of Velocity 
in the defcribing Pointy in every where or Point 
of that Line ; fo any ^antity may be conceived* 
to flow ^ or increafe^ with a certain Degree of 
Velocity in every Point of its Defer iptidn : And 
if this Velocity be not Uniform^ but is either ac-- 
celerated or retarded^ then there will be a cer^ 
tain Degree oflncrgafe^ peculiar to every Point 
of the Taking defcribed. Now the Velocity with 
which any ^antity flows at any particular 
Point J is what we call the Fluxion ^f that 
^antity at that Point. 

71>is Treatife being only de/igped as an Intro^ 
duBion^ we have carefully avoided^ in the In- 
verje Method^ the givir^ of Examples where the 
Fluents of the Fluxions need CorreSiion : We 
have alfo avoided^ not only in the Inverfe Me* 
thod^ but alfo in the Diredl^ all thofe laborious 
Operations which are more troublefome than in- 
flruSiive : And have endeavoured to fleer be-- 
tween an ohfcure Brevity on the one Hand^ and 
a tedious Prolixity en the other. 

Tihe ^eflions left unanfwered for the Amufe- 

ment of the Learner ^ may be eafily folved by an 

Application of the Rules here delivered, 

The 



VI 



He PREFACE. 



^e Examples for lllujlration^ are many of 
them borrowed from Books already wrote on thti 
Subje6iy and have only to boaft^ that they arefet 
here in a different ^ and perhaps^ a clearer 
Light. The Whole is calculated for the unaf 
Jijied Learner 5 and^ we flatter ourfelveSi is a 
Jufficient Guide to lead him to the Under/land-' 
ing of a compleaty tbo' puzzling Sy/lem : And if 
it anfwers this End^ 'tis all that is either de^ 
fred or expeSied^ 
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AN 

INTRODUCTION 

T O TH E 

DOCTRINE 

OF, 

FLUXIONS. 

G H A P. I. 

S N Order to render the Doc- 
[ -trim of Fluxions plain and 
cafy, we fliall endeavour to 
explain theNature of Flux- 
ion in general, as deUver'd 
both by Sir Ifaac Newton 
(the great Inventor of Fluxions) and by Leii- 
tiitz and his Followers. 

B DE- 



i An Introduction to the 
DEFINITION I. 

f 

s 

I. Fluxion (according to Sir Ifaac Newton) 
IS that whereby a Body in Motion is carried 
over a- given Space in a given Time ; that is, 
Fluxion is the fame as Velocity. Thus (Quan- 
tities being here conceived to be generated by 
continual Increafe, after the Manner of a Space 
which a Thing or Point in Motion defcribes i 
as aLine by a Point, a Superficies by a Line, and 
aSolid by a Superficies, inMotion :) if we imagine 
any Pbint A, to be' mov'd along the line AB 
the Velocity, or Swiftnefs, 

with which it moves at ^A B 

any Point of that Line is 
trtfly and properly the Fluxion of it at that Pair*. 
Jf this Velocity be uniform thro* the whole 
Line '(/. e. if it has lio Variation) the Fluxion 
will be every where the fame • ^t if it be any 
Way accelerated or retarded, then there will be a 

' certain Degree of Velocity or Fluxion peculiar 
to every Point ; and the Velocity wherewith 
the firft Velocity is either accelerated or retarded, 
i i called the Fluxion of the Fluxion y or the fe^ 
cond Fluxion : And again, if this Acceleration 
or Retardation be. not uniform, but is increas'd 

' in different Degrees of Proportion in different 
Parts of the Line ; . then the Velocity of this 

Ac- 



Doctrine o/* Fluxions. ^ 

Acceleration or Retardation is called the Third 
Fluxion 5 aod fo on. This is the juft and ac- 
C|irate Notion of Fluxion- 

But, becaufe in fome Cafes Velocity may not 
feeih fo particularly concerned ; it may be ne- 
ceflary to give the Foreigners Definition' of it, 
that nothing be wanting to give the Learner as 
clear an Infight as poflible into the Nature of 
the Subjedt ; which, as it is highly neccfl&ry in 
all Parts of Science, fo it is particularly in this^ 
where an Obfcurity of Conception in the Out^r 
fet may lead him into endlefs JError and Coa- 
jfiifion. 



DEFINITION II. 

II. Quantities are here fuppos'd to be gene- 
rated by a continual Increafe, as before ; and 
the indefinitely fmall Particles whereby they 

are continually increas'd^ are caird xht Fluxions 
of thofe Quantities. Thus, in the Curve ABD, 

if 3 r be fuppos'd to be indefinitely near aridt 
parallel to the Ordinate B C, and B e parallel to 
the Abfcifs A C j then Be or C c is call'd the 
Fluxion of the Abfcifs A C, and ^ 3 the Fluxion 
of the Ordinate GB; and ifndht fuppos'd in- 
definitely near and parallel to bc^ and bm equal 
and parallel to c d ox^e^ then the Diflference 
between e h and mn\% call'd the Flexion oi the 
Fluxion or the Secoj^d Fluxion-, that is, the 

B »2 Fluxiou 



4 ^n Introductiok to the 

if^Iuxivn of e A or Second Fiuxim of C6 ; ami 
again, if jr/*he Tuppos'd indefinitely near and 
parallel to n d^ and nr cqmi and parallel to df 




OT^eoibm\ then the Difference, between 
the Second Fluxion and r i^ is call'd the U/Vi 
Fluxion of C B ; and fo on. This is theNotion 
of Fluxion as delivered hy LeiAmfz^Lad hisFol- 
lowers. But thcfe Fluxions, we fliall, in the 
following Sheete, call by the .Names of ikfo- 
Tnenfs. Increments and Decrements ; that is, Jfc^ 
dBHtoac Increments when the variable Quan-c 
titles are increafing, and Decrements when they 
are decrealing. 

3. Now, if the Lines A C and C B could 
inereafe in an exad Proportion in every Point 
>oftheIncrementsB^and^^, (^as they would 
do if the Curve B i did exaSily coincide with 
the Right Line T B G; that is, if the Quanti- 
ties A C and C B flowed on with equable or 

uniform 






DocTRmE ^ Fluxions, | 

uniform Motions) it is evident that then 
the Increments would be accuratdy as the 
Fluxions or Velocities; fince Velocity is al- 
ways mcafured by the Space uniformly de- 
fcribed in a given Time: Rjt as in Curves, the 
Proportions of Increafe or Decreafe are con- ' 
tinually varying, fo it is evident there mufi be 
a diflPerent Degree of Fluxion or Velocity 
afcrib'd to every Point of thefe Increments ; 
and that therefore thefe Increments are not ex- 
adly as the Fluxions. However, as the Point 
-b is continually nearer to a Coincidence with, 
the Tangent T B G the nearer it approaches, 
the Point'^of ContadB ) fo if we conceive the 
Ordinate cb to be moved on, till it coincide 
with. CB) the very firft Moment before its 
Coincidence, the Curve B h, and Right-line 
JBG will be infinitely, or rather indefinitely 
near to a Coincidence with each other ; and 
confequently, in that Cafe, the Increments B f ' 
and e h 'will come indefinitely near to meafure •' 
the Ratio of the Fluxions of the Abfcifs and 
Ordinate A C, and C B, or the Velocities Vvitli 
which they flow at the Point B : or becaufe 
if we fuppofe the Particles of Time in which 
^ny Increments are generated to be indefinitely 
fmall, the Acceleration or Retardation of the 
Fluxion or Velocity with which they are gene- 
rated will be fo too 5 therefore they are inde- 
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finitely near in Proportion to the. Fluxions of 
the Quantities of which they are Increments; 
and therefore (becaufe when any Quantity is 
increas'd or decreas'd, but. by only an infinitely 
or indefinitely fmall Particle, that Quantity 
may be confider'd as remaining the fame as it 
was before j) thefe Increments maybe taken as 
proportional to, or for the Fluxions in all Ope- 
rations ; and, on the contrary, the Fluxion for 
the Increment. 

4. Note. Thofe Quantities which are fuppos'd 
to flow, or be generated by continual Increafe,' 
are call'd Fluents^ and variable <x flowing Quan- 
tities J and thofc which admit of no Variation, 
are call'd, ^a:/, given^ and invariable Quantities. 

-^ ^The Beginning of the Alphabet, viz. a, 

h, Cy d, e, &c. is ufed to exprefs invariably 
Quantities : anclthe End, viz. z,y, x, &c. va- 
riable or flowing Quantities: and.the P/«a:- 
iom of thofe variable Quantities zj^ x, are de- 
noted by z,y, xi and their Second Fluxions, or 
the Fluxions of z, y, x, by z, ^, x ; their Tloird 
Fluxions, or the Fluxions o£z, y^x^ by 5;, y; i, 
and fo on : Alfo the Moment, Increment px De- 
crement of z is denoted by z, of y by y\oi x 
by x' J and the Second Moments, Increments or 
Decrements o? z, y, x, or the Moments In-, 
crements ox Decrements of«', y',^' hyz'' y" k'' 
and 10 on. ^j-j^^ 
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•The Fluxions and Increments of ^, b^ r, &:c* 
n:}iz. of invariable Quantities are = o. 




Contemporay Fluents; and the Fluxions of 
thefe Contemporary Fluents are callM Contem- 
porary Fluxions : So that if two or more of 
thefe Contemjporai^ Fluents arc equal, or in 
any certain^Katio to each other, their Fluxion* 
will be likewife equal, or in the fame Propor- 
tion, ' . 

BEFORE wc proceed to the finding of the 
Fluxions of Fluents (which is the Bufineis of 
the Direft Method of Fluxions,) it may not be 
improper to premife a few Things concerning 
the new Method of Notation in Algebra. 

6. To render the Ufe* of Surds as little trou- 
blefome as poflible, and to accommodate theitt 
to fluxional Operations; the Index of the 
Fower to which any Quantity is to be rais'd, is 
plac'd as the Numerator of a Fradlionj^whoie 
Denominator is the Root to be extracted : Thus 
the fquare Root of the Cube of a^ which ac- 
cording to the old or common Way of Nota- 
tion is exprefs'd \>i^\/aaay\^ here exprefs'd Jj| or 
a i and the Cube Root of ax — xx, which us*d 

to be exprefs'd thus '^y/ax^-xx is here exprefs'd 

thu$ 
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thus ax — x^\^ Alfo the Square Root, of 
^9 or ^x is thus exprcfs^d, x"^ 

The Rcafon of which is plain if we confider 
that the Index or Exponent of the Power of 
any Quantity, x^ is always equal to the Num-^ 
ber of the Place that Power bears in a Geome- 
trical Progreffion. whole firft Term and com- 
mon Multiplier is the Quantity' itfclf ; or, in 
. other Words, is equal to the Number of Times 
which the Quantity x muft be multiplied into 
itfelf in order to produce that Power : that is^ 
if we take the Geometrical Progrcffion of i : xi 
XX : XXX &c. and make an Arithmetical Pro* 
greffion of o. i*2. 3 &c. then the Numbers in* 
the Arithmetical Progreflion will be the Indices 
•or Exponents of the correfponding Terms ia. 
the Geometrical Progrcffion, and therefore may 
be confider'd as the Logarithms of thefe Terms* 
From hence it follow? that the Arithmetical 
Mean between i and 9, for Inftance, /. e. 5, will 
be the Index of the Geometrical Mean be- 
tween X or x' Sc x^ which is x\ The Atith-. 
fnetical Mean between o and 10 will be '^ Or 

5 fo tiie Geometrical Mdan ' between at?' or r 

^x'"" will be x'/ or x\ that isr ^x^= x\ 
Thus likewifej^^v* vfiW be, exprefs*d by Xr 

6 ^y/^> by jZJ^.T &c. For the fame Reafon 
alio if we take a defcendiqg Series as xx:x:i:it 
i» it &c. & take the Arithmetical Series 2, i. o. 



ocTRiNE ^Fluxions. 9 

n — i. — 2. — 3. &c. the Number in any Place of 
the Arithmetical Series will be the Index of 
the correfponding Place in the G?on[)etrical 

Series : Thus the Index of — r will be —3, that 






is — is =:Ar-3 . Thus, alfo — is =: a;^-' =:rx' 

X* I ' 

— -==;<:'* =1, — - ==x-"'", and fo on. In the 

Exponents of Powers, Addition has the Ef- 
fed: of Multiplication on the refpcdive Roots j 
and Multiplication of Involution, and e con- 
tra^ Subftradion of Divifion, and Divifion of 
Evolution, or in a Word, Exponents of Pow- 
^s are entirely Logarithmical with regard to 

their Roots. So that —r is =a:i— i=xK x^ ' 



is =: Ar3H-> "3FR5^ is== X* ' ^ And:-^-^^ is =; 



a;" • ^ 



Ic^^ ; 



;c--; And =— 1: is =:jc'"^"^7 , 

. . . • » 

If what has been faid, be duly confider'd, 

, no DifBculty in the new Notation will occur ; 

and the Kno>yIejdge of it is abfolutely neceffary 

in order to underftand' the following Chapters. 

CHAP, 
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C H A p. II. 

Of finding tbeFLuxioK of a given Fluent. 

7-"D ULE I. To find the Fluxion of a 

XV fimple Fluent wherein there is but one 
variable Quantity. Mark the variable Quan- 
tity, or flowing Term with a Dot over it : ' 
Thus the Fluxion of (Wf is tf;e. For, 

Let AD==BC=tf, h- - -.c 

and AB = DC = x, ^ 

and let ^ f be fuppos'd 

equal and indefinitely 

near and parallel to BC. A 

if. tf. let B*=Cir=r'. ThenwillCBxBi=. 

ax' be the Moment of the Rcftangle AC oxax^ 

and bccsufe «■ may be fubftitutcd for *' (by Art, 

3.) ax will be = its Fluxion. 

». RULE 3. To find the Fluxion of a 
Quantity compounded of dificreht fimple Quan- 
tities or Fluents connefled together with the 
Signs -|- and — . Find the Fluxion of each 
fimpte Fhient by Rule i^, then<:onnc<S thefo 
Fluxions together with (he Signs of their re- 
fpeftive Fluents, and you will have the Fluxion 
of the Quantity requir*d. Thus the Fluxicm 
of a^-^-ax — by\%o-\-ax-^y. For fince x 
and_yfloyf or incrcafe together} when ax is 
increased 
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increased by its Moment ax^ ^ that is, when ax 
becomes axJ^ax' ; — by will become — ^— 
by \ and a^ will remain the fame, as being in- 
variable, and confequently its Moment will be 
ri o : therefore, then the Quantity a^ j^ ax-^ 
3^ with its indefinitely fmall Increafe or Do- 
creafe will become a^ +ja:— by + ax' — by^ 
and the Increafe or Decrcafe alone will be ==» 
ax^ — ^ by\ Wherefore, becaufe x^ and ^^are cx-t 
preffive oi xznAy [Art. 3.) ax — ^ is t=c the 
i^luxion of IX* +iw: — by. 

Again,* the Flimon ofx-^) ^cz is = x — ^ 
4- cz. And the Fluxion of a'^x + i« is si 
a^ X + bz. 

g. RULE 3. To find the Fluxipn of the 
f^rodud: of two or more Quantities drawn into 
each other. Multiply the Fluxion of each 
Quantity feparately by the other, or ProduQ: of 
the Reft ; and the Sum of thcfc Produ^s will 
be the Fluxion required. Thus the Fluxion 
of xy is xy+xy^ and the Fluxion of axy^ 
axy+axy : Alfo the Fluxion of xyz is xyz + 
^xyz + xyz i and the Fluxion of axyz h 
axyz + axyz 4. axyz. 

t. That the Fluxion of xy is xy ^ xy majr 
be thus demonftrated ; 

Ci let 
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.Let the Reftangle ^^^ 
AC=A:_)'bcaFIuent or K; 
flowing Quannty, /. e. 
let it incrcafe by a con- 
tinual Enlargement of 
Its Dimention, or Sides 
AB=x and BC=_j'. 
'Now in order to fe- dx 
prcfcnt this increafe 

in its nafccnt State, !ef the prick'd Lines 
«j/and dc be drawn very near and parallel to 
AD and DC; and let CD and A D be con- 
tinued on to H and K j then A a or D H and 
Ccor DKwill reprefent the Increments of the 
Lines CD and AD, and adcCDA the Mo-', 
ment or Increment of the whole Re^ngle AC. 
Now \iT>K.^y' and DH=:A-', the whole -in- 
creafcd Rectangle will be ^xy-^-xy'^xyj^xf 
and confequently the whole Increment or Mo- 
ment is :=ixy' -^x'y-^x'y' : But in the very fifft 
Moment of the Exigence of thh Increment, or 
Tuft as it is coming into Being, or beginning to 
be, a-y bears no aflignablc Ratio to either x'y 
' or xy'Xtov ;is x'y' : x'y;: y' : y and y' by Suppo- 
fition is infinitely lefs than _y, crgo^ tec.) and' 
therefore may very well be expunged or rejec- 
ted : So that x'y^xy' will cxprefs the Moment 
or Increment of the above ReiSangle as foon as 
it begins to be ; and thea o^ly it is that the In- 
crement 
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cremcnt is expreffive of the Fluxiony or of the. 
Velocity with which the Reftangle flows «(r 

: Hence by fubftituting the Fiuxi- 
on for the Increment {^fee Art. 3.) we have 
xy^xy = the Fluxion of the Re<ftangle xy. 

2. Much after the fame Manner it may be 
flemonftrated, that the Fluxion of axy is axy-^ 
dxy. Thus let x' exprefs the very firft Mo- 
ment of a:, or the Increafe of x juft as it begins^ 
to be, and^'of^. Now when x becomes- 
x^x\ y will becora;e y'^y\ h\x\.a will remaia 
the fame as being, invariable ; and therefore axy 
with indefinitely fmall increafe will become sc 
cyix^^y:y^'=:s.axy^ax'yj^axyj^axy and its 
increafe alone s.tfXjy+JAr^'+^A:'^': But as ax^yz. 
axf :* y ly' y and therefore, becaufe y is in- 
finitely greater than^', ax'y is infinitely greater 
than axy : So that (becaufe when any Quan- 
tity is increafcd but by an indefinitely fmall 
Particle, that Quantity naay be confidered as 
remaining the fame as before) the above In- 
crement or Increafe of the Fluent ^a;^, may 
very well be confidered as ^axy+axy\ ztid by 
fubftituting the Fluxion for the Increment 
(-^r/. 3.) we have its Fluxion ^axy-^axy. 

3. Alfo that the Fluxion of xyz is xyz+xyz 
'\'Xyz may be proved after the fanie Manner \ 
thus, when a: flows and becomes x+x', then^* 
and z will flow^ and become eq^ual ioy-^f and 
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z+z' ; amd therefore then the Fluent xyz wilf 

become z:^x+x'Xy+yXz^f^^xyz^xyz'^xy'z 
+xyz'J^xyz+xy'z'+xyz'+xyz' from which 
fbbtrafHng the faid Fluent xyz^ we (hall have its 
Moment or Incrctoent alone ~x^yz+xy'z+xyz[ 
+xyz+xy'z'+xyz^+xy'z^ which may very 
juftly be confidered and taken as ^xyz+xyz+ 
j(rfi;'fiacethe Ratio of this to xy^z+xy'z'+xyz^ 
+ xyz is indefinitely great, or greater than anj^ 
Aat can be affigned, as may be proved thus, 
x'yz : xyz ::y : y\ and xy^z : xy^z^ :i zi z\ 
and xyz : x'yz^ :: x : x\ and xyz : xyz' : : 
yz 4 y'z' ; therefore, (becaufe y is infinitely 
^eaterthan/, 2? than 2;', x than a:', and yz" 
than^'25') xyz is infinitely greater than xyz 
and xyz\ xy'z thanx/'^, and xyz' thzn x'yz'f 
and therefore &c. wherefore, becaufe (Art. 2*) 
x' is exprcflive of x, and j^' of^ and z* oi z^ by 
fubftituting the Fluxion for the Increment, we 
have the Fluxion of xyzrrzxyz^xyZ'\-xyz. 
Or thus, iubftitutc viovxy -, thei) by Demonft. 
I- will v:=!zxy^ocy^ and the Fluxion of ^^2^= 
vZ'\-n)Zi therefore, by reftitution or writing 
xy'\'XJf inftead of ^, and xy inftead of *r;, we 
fhall have xyz^xyz-^-xyz^z the Fluxion of if 
xyz^ as before. 

4. And thus, alfo it may be proved, that the 
Fluxion of axyz Is :=:itixyzJ^axyZ'\-(ixyz ; for 
fobllituting '17 for axy wc fliall have by Dem* 2. 
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ft 

i^=axyJf-axyy and the Fluxioa of ^DZ=:fbz^ 
hzzsz the Fluxion of axyz^ which by Reititu* 
XxDnv^=ui^y2i'^axyZ'^axyz. 

Hence, 

ic. The FJiixion pf xx is ssxar-fxx, the 
Fluxton of XXX is s=xxx-f-Ari^^4rxx j that vi^ 
(he Fluxion of jc* is =2xx, the Fluxion of a:' 
is 3x*x 5 and if we put i»=i,2,3, or any pofi- 
live Number wharfoevcr,. the FUuion of 
dir will be maf^^x. 

J I, RULE 4, To find the Fluxion of a 
praftion. Multiply the Fluxion of the Nume<f , 
jrator into the Denominator, from the Produft 
of which fubtrad the Fluxion of the Dcnomi- 
nature drawn into the Numerator ; then this 
Remainder divide by the Square of the Deno^ 
minator, and you will have the Fluxion fought. 

Thus the Fluxion of ^ is == ^^2:i?^ i For 

y y 

dX 

inake ;k= — : then will yz:=:zax. and therefor© 

the Fluxion of yz:==z that of ax {Art. 5.) that 
is, yz-Yyzz=::ax^ wherefore by Tranfpofition 

and Divifion 2=2: ^""^^ - /. e, (by reftitutioa 

y 

or writing 2^ for z) g?=:> "f^~ >* ^ =g5 J^ie Fluxi^ 

y y . 

0X1 
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on of 2; or — . Alfo the Fluxion of —- is 

J y 



.» • -.t 



VLJllZMl.-, the Truth of which, maybe 

y 



x' 



demonfttated as before, by making z ^. 

Again the Fluxion of -. is = —^ i the Fluxion 

XX 

cf^— is =' — r— s the Fluxion of — , is = 
X* x^ at' 

— ^ — ^ &c. But by the new Notation {See* 
j^rt. 6.) - is 




X 



x""5 . and — r- is =^— . , 



. 'tX X %X • ^^ 

==— 2^5>^ ; ^— ^jj-. or -^ IS === ---3^43^ 

&c. Hence' therefore, 

/ 12. The Fluxion of at"' Is = — x^x j the 

Fluxion of AT*"* is = — zoc'^x ; the Fluxion of 

« 

sc^ is = — S^r^x, &c. and if m reprefent any- 
Negative Number whatfoever, the Fluxipn 
of x~ will be =/?7Ar*'"'x. 

13. RULE 5. To find the Fluxion of 
any Power of a Fluent or flowing Quantity. 
Multiply the whole Term by the Index of the 
Power, then fubtra<5t i from the faid Index, 
^;id multiply this whole Term into the Fluxi- 

oa 
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•f)ocTRmi 0^ FtoxioNSr- if 

Kjft of tfce Root of the Pkient j and yott will 
Jave the Fluxion of the Fluent requw-ed, Thusr 

the rWoo of jH^' is =23 )* A?4-«*f~' x, 
x-\-2x>; i. ^. = 3 xA?+^*]* X x-\-2xx } the 
Fkixion of 24X-r«*l^ is. =i x atfJf--x*r~* ><r 



2<^a:^— 2x;c, which is =:rX 



v/2tf;tf— X* 



Mtfc-r^2xii i.ei t^ -~=:iiaBsss^i theFbxian of 

\/2ax — at 

a-^ax-^x*]i is = 7 x ^4"^^ — x*]^ x 



■ I « 



2ax — 4XX 



^-^zxx 9r-*~77= " """ ^'* :And^ttM»cyiMly^^ 



3 ^ v/a+/?x — X 






• • • 

;;, ^r both; may !)e cithar Affirmative or Ne*- 
^ative whok Numbecs or Fraftions; fo that 

'.&& Inder. or Exponent: -** otpcefiesr or irprew 

' fenta any Affirmati»e or Neg^ivc whole Num*- 

her or Fca<3ion whatfoevcr* Foe by Art. 10 

^' and 1 2. lim reprefents any Affirmative or Nc- 

. gative whok I^iia£ii£i; the Fluacba^ of aT* will 



m 



•fee^x^^x; therefore, if we fiippofe ^=x*', 
' dr which is the fame, ^«=x", {tt being any 

D Affirma- 
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Affirmative of Negative whole Number like^ 
wife) by jirt. 5. we have »y*-'^=m«"^'x 

which divided by wf"^ gives y^ -^ — -^^ i. e» 
by writing x' for its cquat^, y =- 
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C^eft. lo.) then, as &e hyp. Log. of lo {viz^ 
2.3025850929 &c.) : is to the common Log. 
of 10 {viz. i) : t fo is the hyp. Log. of any 
J^umber x : to the common Log. of that fame 
Number; that is, if we putL=2.30258 &c. 
AsL : I :: hyp. Log. of x : common Log. 
oiXy and therefore, {Art. 5.) : : Fluxion of 

Tiyp. Log. of ^ : Fluxion of common Log. of 

« • 

^.. Hence we have L : i : : — : 7— = the 

X hx 

Fluxion of the common Log. pf x*, or, be- 
caufe 1^=0.4342944819 &c. if we put this 

i=:M, then the Fluxion of the common 

■ • 

Log. of ;c, Viz. i — , will be = - x M,/V^.thc 

Lx X 

Fluxion of the hyperbolic Logarithm of any 

Number multiplied by (M or) 0,434294 &c. 

gives the Fluxion of the copinioft LogarithQi 

pf th»t feme Number., 

15. Note^ It is fometipies expedient, in 
order to find the Fluxion, to divide the Equa- 
tion given, by one or i^ore of the variable 
. Quantities contained in moft of the Terms! : 
And to fubftitute fingle Letters for compound 
Quantities. Thus if the given Equation' were 

P 2 fty-^^ 
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Equation by ^ j then jc-|- — --^x-f:y:=:« ; and 

the Fluxion of this Equation is x— - -~ — ^^i 
+7=z. And If the Elation given were ;6— 
iy-^T ^ s»w» fubftitutc v for •^ ; then 4:— 
^+^=^*> ^d this in Flazions is ^^-h^^:^ 

16. JVJ?/^, Hitherto we have fuppofed, when 
one variable Quantity in any Fhioit increafes^ 
that the others, if any, increafe hlcewife ; 
Init it fometinies happens, that fome of 
them decreafe while the others increafe: 
in' which Cafe, the Fluxions • of thcfe do- 
creafing are Negative, with refped to thofe 
of the increafing Quantities ; and ther^ore the 
Signs of the Terms which are afieded with 
them, ought to be Negative. Thus, if whil(( 
itf incrcafes, y dccrcaifes, the Fluxion of the 
Flticnt py vvill be =:xy — xy. To prove which, 
Ifi th? Line A B be 
foppofc^ perpendi- 
cular to the Line DE 
iand equiil and paraKf 
Icl to the Line C D g- 
aud to move along 
• . ;' pa 



i t 




Ati the faid Unt D£ towards £ ; tni ^at tiid 
feme Tklse^^ left the Point A he fuppded tft 
ibove along the Line A B tc^ards B, fo as that 
yfhcn the Point B is advan&d to i, .<ht Poin* 
A n^y be arrived at /? {ai and /» being fiip^ 
foCcd iiidtfinitel;|r near zad paalld to A fi im4 
AC;) then the little , ParaUelo^am /A Cct 
fubtrafted from the other Beab yrWL be Chp 
M oijient of fhe ReaangW A B D a Now if 
•we put A C «r B D^^, A B or C D=jf, lA^ 
-crcn>ent B i qv €dr==^\ and decrement A^r or 
n a=^y' j then will e Bi?:^^— -y', ^od. the. litdc 

Reftangle B a^:^y—y' x x'=yx- — x'^', /. e. = 

the little Redtangle B n^ lefs the little Reft- 

angle en ; but fincc thcfe two little Rc(9:angles 

^re to ^ch otheir a^ B A to < A^ and the Poii^t 

f is fuppofed to be indefinitely near to the Point 

A, or A ^ to be but juft beginning to^ be, or 

doming into Being ; tberefbte the. little Rje£t« 

*-iU)gk B n cannot properly be iaid to: be dinu-r • 

^ tiiihed ex- lefiened by die fubtra^wg from it the 

little Redtangle fn ^hich is Co infinitely Icfeii 

' Wherefore the iaid little Redangle B a may be 

confidcred as a5[ual to j^jt' s from which if we, 

fubtrad the little ReftMigk A ^r, which is = 

jry', wc (hall have jfAr'— xy'= the Moment of 

; the Redangle 5fj^ or BC ; therefore by fubfti-r 

* tptiog X andj^ foi; x' and/ (v^/- 3*) we (hall 

; . * ' ' have 
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haVje the Velocity with which the faid Re<%^ 
tngle increafes or decreafes IHHMHM^ ^^ 
the Fluxion of it alsliB^SEnK ==yx — xy. A^ 
gain, if z decreafes whilft y and x incrcafes> 
then the Fluxion of the Fluent xyz will be = 
xyz-^-xjfz — xyz^ Underftand the fame of th^ 
Fluxion of any other Fliient of a like Nature 
^hatfoever. i 

If what has been already delivered, be 
. thoroughly underftood, we hope the Learner 
will meet with but few Difficulties in the Ap*. 
plicatioij thereof j to which we now proceed; 
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Of finding the Maxima and Minima {or greaf^ 
eft and leaji) of 'variable Quantities. 

ly. TF a variable Quantity is of &ch a Na- 
X ture that it increafes continually with- 
out end, or decreafes till it vanifhes, its. greai- 
cft or leaft Miagnitude cannot bq afligned or 
determined ; but if there is a certain Limit be- 
yond which it cannot pafs, and it is determinable 
when it arrives at that Limit ; or, if at firft it 
increafes till a certain affignable Term and th^ 
decreafes, or firft decreafes, and then increafes i 
4ts Magi^itpde at fuqh Term, is called a Maxi- 
mum 



^ ' ■■ .^.11 — . -.- .A^.. .., ■ .— ... -~ || 
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fnUm or Minimum : Now every fuch Maxl^ 
mum or Mifiimumy muft be in its own Nature 
a ft able or invariable Quantity ; and therefore, 
becaufe an invariable Quantity has no Fluxion, 
its Fluxion is equal to nothing. 

1 8- Toilluftrate ^ 
and make this plain- 
er : Let the right 
Line B A be fup- 
pofed perpendicular 
to the right Line ^ 
AC(F/;g-. i.)orBE^ 
(JPig. 2.) and to be 
carried along the 
fdd Line with any 
given Velocity, and ^ 
in fuch a Manner, 
as that it always be parallel to. its firft Situati- 
on ; and, at the fame time, let a Point be con- 
ceived to move along upon the Line A B, from 
A, with fuch Velocity, as that.it be always in 
the Curve ADC: Then will the Velocity 
with which the Line BA moves along the 
Line AC, or B E, be the Fluxion of the Ab- 
fciifa; the Velocity with whiph the Point 
moves along the Line A B, be the Fluxipr^^j^^ 
the Ordinate i and the Velocity with w^jjji 
the Point moves along the Curve, be Uc 

Fluxioa 




«4 ^ iKTHoDijeTiow to thi 

-ftttxiortoftht QjTV^. Now when th* PoinTJ 
SDOmig^ from A towards B; arrives at D, it 
4Can proceed nofatber^ but muft return towards 
Aftgibj becaujfe the Ordinate FD {Rg. i.) 
is the greateft, or (Fig. «.) the Jeaft pofliHej 
f . ^. before the Point arrives at D, the Ordi- 
nate {Fig. 1.) is continually incceafing, and aA 
ter wards continually dccreafing*, br(i^. 2.) is 
continually decreafing, and afterwards, contf- 
Bually increafing ; therefore at that Point, it is 
neither increafing nor ddcreafing, but is in- 
variable, and therefore its Fluxion is =:0* 

1 9. When there are two or more variable 
Quantities in aa ExprefHon, reprefenting. the 
ValuQ of a Maximum or Mi^i^tim^ the Value 
of thofc Quantities naw be determined by fu^ 
pofing. them to flow jfeparafely, or one by one^ 
*^whi!ft the reft are confidered as iovariable. 
Forlnftance, if it were required to find the 
greateft Piaraltelopipedon^ that can be con- 
^ifained tmder a given Superficies^ it is evident 
that each of its Sides mui^ ieparately flow out 
to a certain determinate Pointy be3rGnd which 
it muft not pafs ; and therefore its Fluxion at 
that Pbint muft ceaie^ or become =0 ; or, 
becaufe if the Fluxion of the given Expreflion 
of the Maximum or Minimum^ when only one 
of the Quantities is confidered as variable^ be, 

not 



\ 
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be not ::;=:o, the fame Expreffion may become 
greater or lefs without varying the Values of 
thofe which are coo/idered as conftant 3 there^ 
fore, when it. is the greateft or leaft poffible, 
each of thofe Fluxions muft then become =:o. 

, 20. Note^ I. In curvilineal Spaces, it is irt 

efFcd the fame Thing to feek the greateft Area 

that can be contained under a given Perimiter 

as to feek a given Area under the leaft Peri- 

• miter : And the fame holds good, in relpeft of 

Solids and their Surfaces. 

< 
NctCy 2. If any Quantity is a Maximum or 

Minimum, all the Powers of it will be fo too . 

as^ will alfo the Produft or Quotient, arifing by 

its being multiplied or divided by any invariable 

or given Quantity. Thus,, if — x x^-^zao^ 

reprefent a Maximum or Minimum, then a:*— 
2ax will be alfo a Maximum or Minimum^ and 
confequently its Fluxion muft be =0. 

Note 3. Generally, when a variable Quan-I 
tity admits of a Maxirnum^ its Minimum is no- 
thing ; and. when it admits of a Minimum^ its 
Maximum is infinitCt . ■ ■ - 

E Ex^ 



* 



\ 



¥■ 
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I. • 
.. ^_. - • • 

i I . Tojkd the Vakte ofx, in Therms of a asd 
if when bte-^x* is a Maximum. 

Because the Fluxion of a Maximum Is =o, 
therefore the Fluxion of bx—ax* rauft be =0 ; 
that is ^— 2tfXX=o. Now if! we divide this 
Equation by x, wc fhall have b — 20x^0% 
therefore, by Tran^fidon, we have 2tf*=* 

and by Divifion *= — which is the Value of 
X required. 

E X A M P L E II. 

22. To find the a._2— ^ 
Toita p in the 

gfven right Line A B, where the ReBangk 
hp into p^ is a Maximum, or greater than 
. any other ReBangk A n into n B. 

" Pitt the given right Line AB=tf, and A^ 
=:* } then^ B=tf— X, and by the Data A/> x 
p B3=x X a — xissax-^x*s=z a Maximum } there- 
fore the Fluxion oiax—x* is =0, that i^ dx 
— 2xx==6, which divided by x gives tf— 2x 
=0, therefore 2X=a, and xz=z^a. Confe- 

quently 



> ■■ii*ii»iipi 
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qucntly the Re<9anglc of the Parts kp and/ B 
are the greateft when thoie Parts are equal* 

Or thus, Put hp=x^ and /B=:y; then 
Apxp B=xy=: a Maximum : JNow it being 
evident that if x increafe, y muft deca'cafe^ 
therefore {/frf. i6.) x and jr are Negative to 
each other ; and confequently the' Fluxion of 
xy^ when a Maximum^ is xy-^^xy^^o : But it 
k likewife evident, that the Increment of x is 
equal to the Decrement oiy^ or x=yi there- 
fore ftrike both out in the above Fluxion oi xyi 
then we (hall have;^— xr=o, and therefore x=3 
* jp, as before* 

Example III. 

23. Ttofindtbe Point ^ P, B 

* in the given right 

Line A B, when a]^* xj&B|" /i ^ Maximum. 

Put the given right Line AB=/z, and Ap 
rAT; then pB=ui—rx^ and A/]* 



X tf— x^ = a Maximum^ therefore its Fluxion 
is =0 J that is, [fee jirt. 13. and 9.) mx^'-^x 

X a — xi^-^n .a — ocf^^ x -~x x xT =iO (/. ^.) 
^AS^'i X tfH^" — m^r'^x xjc'^^rro, which 
divided by x^^'x gives /»tf — x^ — na — x]^^x 

5=:9j therefore mM — o^^^n^-^x^'^^x } then 

^ 2 divide 
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fore X'. 



* divide by a — ^^^ and it will be tn . a — xz=r. 
nx^ i. e. ma — mxzzztix^ or mx4-nx=zma. there- 

:— ; — a. and the Point p is deter- 

mined. . 

Or tbusy Put A/=:x, and pB=y ; then / ^ 
= a Maximum^ which in Fluxions is nf^y^ 
— mx^^xf:=:zOy {fee Art. i6.) but x and jr arc 
equal {Art. 22.) therefore throw both x andjr 
iUif^ltfihtn ny^^xT — mxr^^f'=io. And ny'^''^z=i 
mp^^y". Now by dividing both Sides of this 
Equation by f—^of^^ we fhall have nx=:my 
therefore m : n :: x : y: So that the Segp^cnts 
are in direct Proportion to the Powers in the 
Maximum. *» 



Example IV. • 

24. Tojind the Values of x, y^ and z^ when 
jc-j-y-j-^=^ ^^^ ^4"^*= ^ Minimum. 

Because x4-^+2;=^, therefore x=:ra — y 
— 2J, which fubftituted for x, gives ;vy-]-«*= 
^y — y* — :y^-f-^* =^ ^ Minimum. Now by 
^r/. 19. we may confider y as variable whilft 
2? remains invariable,^ and\;;^ as variable whilft 
y remains invariable'; therefore, by fuppofing 
z invariable, the Fluxion of the above Expre- 
fion of the Minimum will be ay^^zyy-^yz^^o^ 

and 



\\ 
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and by fuppofing^ invariable, it will be — ^i 
-^2zzz=lo : Now by dividing the Firft of thcfe 
two fluxional Equations by y we have <^^ — ajr 
— 2r=o •/ z=ra — 2yy and by dividing the 
Second of them by z we have — ^+22j=o •.• 
z=ry* Hence ij;=r^— 2y, and therefore j^= 
ftf, and confequently ^=(t>=)t^> andx. 
= (tf— y — z=i) fa. 



r/ 
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Example V. 

25. To find a Cone infer ibed in a given Sphere^ 
^bofe convex Surfacejhallbe a Maximum, 

« 

Put the Diameter of 
the given Sphere (V D) 
=tf, the Altitude of the 
infcribcd Gone (V B)= 
AT, and 3.14159 &c. = , . 
<j then BD=tf — x. 
Now, by a well known 
Property of Circles, V B 

X B D=BA]* J that is, x x 7I=^=tf;<r— x' 
BAl*: A nd by 47 E. i, AV=;V5)'4-BAY| ', 
/. e.. hYf= x*-i^a x-rx'\i z=M ci. But B A x c 
=zax-^x']i X c=zc^ax—c'x*]i=:\^ the Circum- 
ference of the Cone's Bafe, which drawn into 
its flanit Height ( A V==) J^i, gives c'ax—c^x']i 
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X ^1* =f*tf*x*— c*^»:*li == its Curve Superfi- 
des, which by Queft. muft be a Maximum ; 
therefore ^*iiV—^*^»^^ = the Square of a 
Maximum^ or a Maximum aHb (-^/. 20, i\fe/r 
2.) and its Ftaxion, therefore ic^a^xx — 
y^ax^x =0, which divided by r^^wri gives 24J 
>— 3^=0 ; therefore 3^=2^^ and x==f tf. So 
that the Convex Surface of the Cone will be 
the greateft, when its Altitude is ==f of the 
Sphere's Diaipeter^ 

26. N. B. There was no need of introduc- 
ing c in the above, for VA x AB= a Maxi^ 
mum 5 the Radii of Grclcs being as their Cir* 
cumferences. And therefore in fuch like Cafes, 
we fhall omit inferting it as often as may I^e in 
the followmg Examples^ 



E X A M P t E VI. 



^7. ^0 find the 
great eft Cylinder that 
can be infer ibed in a 
given right Cone e. g. 
wkofe Altitude B V 
is =_tf , and Bafe* 
diameter A C=^. 

Put the Diame- 
fer of the CyHii4cr 




♦t *%# 
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DE or FG=*i then, the A's VAC and 
VDE being Similar, as AC :BV::DE: 



ax 



H V, ue.hxaMX.'. ^=JI V v HB=rBV 



ait 

T 



Ar*x 



ax 

T 



= the Altitude of the Cylin- 

(Jee Art. 26.) T^ x BHss 

ahx*--ax* ... >, 

, = a maxtmum. Con- 



fequently ( y?^ Art. 20. JVi?/^ 2.) ^x*— x^ = a 
Maximum^ in Fluxions 23xx — 3x'x=:o, which 
divided by xk gives 2^— 3x=o •/ 3x=2^ and 
jc=:f^=F G or D E. Confequendy BH (: 
ax. 



) =f tf. So that the 



and Alti- 



tude of the Cylinder, will be to the Diameter 
and Altitude of the Conej aft f to 1/ and as j- 
to I, when the Cylindo* is the greateil pofiible. 



£ X A M p L S 

28. Tofnd the largfft 
Cone that can be infcrib^ 
ed in a given prolate 
Spheroid^ viz. whofe 
Traxfuerfe and Conjugate 
Diameters T S and C N 
are a and b.^ 

Put the Altitude of 



VII. 




th^ 
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the infcribed'Conc B T=:Ar, then B S==T 
T B=^ — X. • Now by a well known JProper- 
ty of EUipfes TS]* : CN]'. : : TB x BS : ^* 

f»^. a^ib :: Arxtf — at: ^ =:B AJ 

which {^Jrt. 2d,X<irawn into (f B T) f at gives 

— , ■ ^ . — = a Maximum. Confequently, 

{Art. 2o* iVc2/f 2.) tf a:*— Ar'=: a Maximum^ 
which in Fluxions is 2/7a:^ — 3^*x=o \ then 
divide by ;v;v and it gives 2^ — 3|x=o. Con- 
iequently i^xzizaa and Ar=2:|^, that is, the Al- 
titude of the Cone muft be =|- of the Diame- 
• ter of the Spheroid* 

Example VIIL 

29. Tojind the internal Dimenjions of a cy^ 
llndrical Cup^ whofe Capacity is^ given =a*, 
when made with, the leaji pojjible ^antity of 
Silver of a given thicknefs. 



Put the Diameter =:Ar, and .78539 Sec. =p 

c .; then ex" == the Area of the Bottom, and 

/f *' 

therefore — r = the Altitude : But js^cx being 
ex 

= the Circumference of the Bottom, therefore 
4<riyx — r=— = the infidc Curvp Surper-^ , 

ex X 

fices. 
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fide^ which, becaufe the Quantity of Silver ^^^^^^ 
is the leaftpoffible, is a Minimum., And this^g^^^ y 

dierefore in Fluxions is zcxx ■ «. ==0* whieH ^^^u^Ml 

multiplied by x gives 2rA:'y — ^4^x = o, ^nd A^^A^gi^ 
this divided by 2;^ gives cx^ — za = o j there- -^ — ^" 



fore cx^ = 2tf, and x 



2,a 

€ 



Example IX. 

30. Ho find the. internal Ditnenfiom ofaCif^ 
fern, in the Form oj a reSlanglar Solid^ i, e, 
whofe Bottom and all J our Sides are r eSt angular ^ 
when its Capacity is = a and made with the 
leafl pqffible ^antity of Lead of a given thick-- 
nefs. 

PuTthcinfide 
Length AB or 
CD X, Breadth 
AC or BD=^, 
and Depth AE 
or CF^Xithen 




:^z:s=ay and (herefore x: 



yz 



Now the in- 



fi.de Superficies of the Bottom and four Sides is 
s=CP X DB4-2B A X AE-I-2C A X AE,/.^. 



24 j^ft IHTKOBVCTIOIH to tke 

. :ts:xy-\-2Xz^2yz (or> by iubftituting -— 



a . 2^ 



^ \ = -• -| ^ + 2;^^, which, becaufe the 

Ciftern is made of the Icaft poffibk Quantity 
of Lead, is equal a Minimum ; and this there- 
fore, by making > and z flow feparately {fee 

%9yt \ 

Art. 19.) in Fluxions is zyz-—--^ =0, and 



• 

ayz— -^ =^« } the firft of which Equations 



az 
"z 
Multiplied by^* ^<a fty«f*^^i^xy^o*^'OAthi% 

divided by 2/ gives zy'''-^^9'''z^-^- And the 

fccond Etjuation midtiplicd by «* gives tfia* 
I, and thit divided by « is zyz*- 




1 a 

o .*. 2= — I . Hence we have — =-i and 

%y\ y 



% 

a a 




this iquarad is -^=?5 — which'tnultiplied hy 2f 

gives tfy^=2^*, therefore J?^=*?2tf sind ^25=2>?|Tf 

24: 

a ^ ^ 

. ^ . yZ '^ 2^jJx|2tfP 

?«|}. Sotbat«=sy=F2«s,th^ti9,the 

Length 




:i^x2tfl5 
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Length and Breadth will be equal, and each 
equal to twice the Depth, 

Or thus. Let the infide Length = at, Breadth 
t=-y^ artd Depth = ^ ; then the Superficies of 

the Bottom* ^nd four Sides ^=:5^jr-^2>rj^+^)*^= 
a Minimum, as before ; or, by fubftituting — - 
h for AT, it will be = — b^ — lh^\^y^. In Fldxi- 
OAs — by — 2b^'\'2j^^-\'2yz=6. And taking 
the homologous Tet-ms * zy^ — ^saco^ and 
2yz — zbz^=o ; by Divifion and Tranfpofition 
7Zz=zb, and y==±^, therefore, by Reftitulion x=z 
'y=i2z. But xyz=:a, i\ e. ^x\ or ry^t=^ •.• k 

or y=2a ji ahd z=:^2a\i:£:^a\j. 



* This in ElFea is the fame as inaking^ and « flow fcparatcly 
SLQCC/tdmg to Art, 19. 



Example X. 



31. AGftitlemAn 
fjoants tB ride from 
the City A It) the 
City C, the Cities 
being ^Miles apart y 
notv J fern A to B, 
nvbicb is b Miles, or 
from A to any Place 
^ in the Road C fe 
which is perpendicU' 
hr to the Road B A 




F2 



hi 



I 
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he can ride after the Kate of c Mile^ an boiir^ 
but from B toC be can ride f after ^ or after the 
rate of d Miles an hour : Tofnd P, the Place 
to which he muji direSily ride in order to perform 
bis Journey in the leqft .pofjible Time. 



By 47 £. I. BC=CAT— AB]V=^?=F|i 
wliich put = ^; alfo kt BP = at, then PC = 

c^x J therefQre by Queft. '— 7- = the Num- 
ber of Hours he vi^ill be riding from P to C. 
Again by 47 £. i. AP=dFB]*+BA]*|^ == 



i?+F,i 



x^+#]i, therefore by Queft. ^ ' = the 
Number of Hours he will be riding from A to 

P. Hence we have 1 7- = the 

c ' d 

Number of Hours he will be performing his 

Journey, which by Queft. muft be a Minimum: 

Therefore in Fluxions J- x ^^+^1^^ x 2^ _ 



-y =0, that IS, ! — ! — -T=o, or 

d c d ^ 

XX X 

« — ■ -■>. — -J =0, then multiply by c x 
<:xJF-FF|t d * VJ 3 

iC-\-b'-\ ixdf and we fliall have dixx—i-K 

x'-\-b* 
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P-PJ^i X = o, and this tranfpofed and divided 

by X gives dx^c% a:*-}-^*]^ which fquared is 
^x*=r"x*+r*^% therefore d" x"" ^c" x"" —^ V" 

and A?^= -TT— I conlequentiy x= 



BP. 

Or tbus^ Let A^ be fuppofed indefinitely 
near to A P, and the little circular Arch Vn de- 
fcribed with the Radius A P ; that is, let Vp 
cxprefs the indefinitely fmall Increment of B P 
and np that of A P. Now it is evident, if P be 
the Place to which* he muft diredly ride, that 
the Increments Vp and np muft be as d to r, 
iince then only can they be paffed over in the 
lame time ; but the little Triangle l?np is Sirni* 
lar to the right angled Triangle A B P j (for 
the Arch P» being indefinitely fmall, may be 
confidered as a little right Line perpendicular 
toA^; and fo the Angle PA ^ being indefi- 
nitely little, the Angle A ^ B or »/ P may be 
confidered as equal to the Angle A P B, and 
therefore the Angle p?n as equal to the Angle 
PAB.) Confequently as ^ : r : : A P : P B : 
But when the Hypotheriufe and Perpendicular 
are d and r, the Bafe by 47 £. i. will be 
Ji:^!^ therefore, 5^=^* : ( A B) * ; : c : 



B P, as before. 



Ex. 
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E X A M t» L fc XI. 

32, Let the triangle ASC have one Angte 
B in the right Line D E. To find a MaxiftiuiA 
of the Sum of its Perpendiculars AD and GB 
i/r^^/ yr^/» the other two Angles en the right 
Line afore/aid. 

.l^.K .AB=3=tf, BC=:4x=:5, snd th« 
Z.ABC=i::9C>V 




Put DBtzsATi then by 47 E. i. AD 
ABT— BDfji 



— x*]i. Now^ becaufe 

the Z.ABC is right, the Z.CBE is tbeComv 
plement of the Z.A6D, and tYitttfckt ii^sn 
ABADi confequefltly the THingles A^BD 
and C B E are Similar i therefore AB : BD : : 

BC:C£;, i.e. aix::6:~=CE. Hence 



6x 



we have AD+C E=£rtf*— ;c*]i4- »-* =:a JlfoA?/- 



/^2//9 
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mum by Queft, in Fluxions ~ x a^^'—x'\^ x 



'2XX'\- 



bx 



:0, /. e.' 



XX ^. bx 



which multiplied by ^^— ^^ x a gives ^—axx 
rj-tf *-— x*]^i^=Q : Therefore by Tranfpofiti- 
on and dividing by x we have ^x=^*— x*|*^ 
by Involution a^x^=^a^b'^ — ^^*x** Confequent- 

ly d'x^^b'x'zi^n^ and x*= 4^. there- 



fore 



4^ 



tf 









(=r«*--^')?+ -^ ) =s i,S-}-3..2 = 5 = the Sum 

xxf the Perp^ndicijkrs^ when ijiiat Sum is die 
greateft poflible. 

E 3C A M P I. E XII« 

\ 3^. fftjBa/ f^r gnattfi MipM ti^t cm be 
injbribed in a Abombus^ ivhofe Diagonals are 
given. 

Let the Rhopibus be drawn, and the £1- 
lipfis infcribed as In the Fig. and from the 
Point of Contad B the Ordinate B C let fell. 
Put ETsstf, EF^*, and EA or ED=x 
TIma ifsA tie L'H<^ah Conie Sections An. 

57'J 
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57.) as E T : E A : : E A : EC, i.e.a-.x 






CD: 



— =EC V 



!■' ■'■■ ■ ' 



a 



', and C T: 



tf*— X* 



w By Sim. 



As TE rEF : : TC:CB, f\ e. a: b :: 

: r-^ = CB, Now by a well 

a a"- ^ ^ 

known Property of Ellipfes D C x C A : Cfi]* 
:: DExEA:EN%/.^/(^^^x''''""^ 



& 
y 



) 



a*x*^x* 



'( 



a^lh—bx 






=; 



^ 



<»«3»jf»— 2tf*^*;e*4-tf*^*Ar 






*x* 



• • •» f 

~^» --c=En.«. 



Jfcw, becaufe the EUipfis is to be the g«ateft 

poflible 



-ri 
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ETJ]' 



6\* 



x 



tf* 



X a:'=^*x* r- = the Square of a Maxi^ 

^ a 

munty which therefore divided by ^* (fie Art. 

X* 

20, Noie 2.) gives x* r = a Maximum, 

which in Fluxions is 2xx — 3--- =o, and this 

a 

multiplied by ^* and divided by zxx gives a^ 
•*— 2x*=:o •/ 2Ar*=^* and A:=-tfy^^^ 



Corollary. 

The tranfverfe Axis of the greateft Ellipfis 
that can be infcribed in a Rhombus is equal the 
greateft Diagonal drawn into ^J, and the 

conjugate Axis equal the leaft Diagonal drawn 
into v^I, that is, the Axes are to the Diago- 
nals, as ^r to I ; which is the fame Propor- 
tion, as the Diameter of a Circle bfears to the 
Diagonal of its circumfcribing Square. 



CHAP. 
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C H A P. IV. 
Of Rawing Tangents tc Curves. 

34* A ^ ^* ^^ ^^ Nature of all Curves, to 
XjL have their Dircdtions altered in e« 
very Point, fo the Diredions of every Curve 
will be various as the indefinite Number of 
Particles or Increments^ of which it is com- 
pofed 5 and to find the Dire(Sion of a Curve in 
any given Point, or a general Expreflion for its 
Direction in aU Points, is what is meant by 
drawing a Tangent to it. 




If the right Line T B be drawn to coincide 
with any Point B of the geometrical Curve 
A B D fo as to touch, but not to cut it, that 
Line is a Tangent to the Curve in that Point : 
And becaufe no two |[yines can coincide, unlefs 
they have the fame Dir^dion, therefore the 

Pircdioii 
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Dircfliion of the Tangent^ is properly, the 
Direftion cf the Curve in the Point of Con- 
taft : And what is required, by drawing a 
Tangent, is generally to find the Sob-tangent 
C T, or the Dklance from the Point C, of the 
Ordinate B C to the Point T, where the Axis 
produced, if ccoifion, is Jbterfe^d by the 
Tangent, . 

35. Let r^ be fuppofed parallel to CB, and 
B n equal and parallel to C c ; then M* tlie Line 
r ^ be removed towards C i^ in a parallel Mo-* 
, tion, till it coincides with it, the Moment be- 
fore its coincidence, the Triangle B«^ will be 
in its evanefcent State ; or, which is the fame 
thing, if the faid two Lines be fepacated from 
their Coincidence, the very firft Moment of 
their Separation, produces the iaid Triangle in 
its nafcent State ; and in that Moment, the 
Line nh^ ttarrainated by the Line Bxatcme 
End, and by the Curve at the other, comes 
indefinitely near to the Tangent T B produced : 
ConfeqOeiAly the Triangles bn^ and B C T 
come indefinitely near to Similarity, and xsitij 
be confidered as Similar: Wfaercfix-e, then, 
\ ^ : ;?B : : BC : CT, or, (putting AC = x,aiid 

CB ^y)y' : Xf : xy : 2^3»CT^that^ : x :: 

G 2 y I 



r 
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^ : -^ =:CT. And this is a general Expre- 

ffion for the Subtangent of every Curve whofe 

Abfcifla is x and Ordinate y. Now by means 

of the Fluxion of the Equation of the Curve* 
we may get the Value of x exprefs'd in Terms 
that will be all affefted with /, which there- 

fore being multiplied by 4 will give tfic Sub- 

. . , y 

tangent CT in definitive or known Terms 
freed from Fluxions; by which the fought 
Tangent B T to a given Point may be drawn. 

36. Note^Whcn x and j^ are Negative to each 

XV 

other,(-^4!r/.i6.) the general Expreffion (— f^ fpr 

■ • 

the Subtangent, will be r-, which (hews that 

it lies on the other iide of the Ordinate, with 
regard to the AbfcifTa x : For tho' — — ^ may 

y 

be, and really is a negative algebraic Quantity, 
yet it may alfo reprefent a geometrical Quan- 
tity, which is always affirmative ; and as every 
Subtangent is in its own Nature pofitivc, there- 
fore the negative Sign (either in the general or 
definitive Expreffion) only (hews where we 

mufl 
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muft look for the Subtangcnt; that Is, whe- 
ther X the Abfcifs, or fome Part of it be (as in 
the Affirmative it always is, ) or be not (as in 
the Negative it never is,) included in the Ex- 
preffion for the Subtangent. 

There are other Methods of drawing Tan- 
gents, but this is the moft general and eafy. 



Ex AMPLE I. 

37. To draw a Tangent to a Circle. 




Put the Abfcifs AC=Ar, Ordinate CB==y, 
and Radius E A or E Pzrar 5 then C D=2r 
— X. Now by the Property of Circles AC x 
C D=C B *, /. e. 2rx — x'^zzzy^^ and this E- 
quation put into Fluxions is 2rx — 2xx = zyy^ 



which divided by zr—^zx gives x: 



zyy 



zr^^zx 



yy y 

-"^"^—^ and this multiplied by 4 (Art. 35.) or 

fubftitutcd for *• in (-?L) the general Expref- 

fion 
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iion for the Subtangent, gives the Subtangeiit 
GT (= i^)=— ^ = (by putting zrx—^ 

for its equal j^ as above) s= -=r~. 

Wherefore if the Diftance figaified by this Ex- 
preflion be fct off from the Point C in the Di- 
meter D A produced, we fhall have the Point 
T to which the Tangent may be drawn. 

N. B. The Subtangent above, may be found 
©therwife, by the Similarity of Triangles only : 
For the z. E B T being a right one, the right 
angled Triangles E C B and B C T will be Si- 
milar, and therefore E C : C B : : B C : C T= 
CB* 
EC • 

Example IL 

3S. To draw a Tangent to the Jpotlmian or 
common Parabok. 

Suppoie F to be the Focus j and P R thr 
Parameter, which put = ^ ; alfo, put the Ab- 
fciffii A C =s X, and ordiftatc CB—y\% being 
the iPoint to which the Tangent T B is re- 
quired to be drawn. Then, as is Mreli known, 
by the Nature of the Curve PR x AC = CS|% 
that isi ax — /• Now by putting bofth Sides 

of 



.J 
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this Eqivition into Fluxions, we fliall have ax 

• 

=2jry, therefore x=z ^ which fubftituted for 

a 

X, gives the general Expreffion for the Sub- 
tangent C T, viz, ^ {fee Art. 35.)^ ^ = 

(by fubftituting lor ;»*, its equal ax above.) 
— . = 2x^ Whence it a|3pears, that the Sub- 
tangent CT is double. th€ Ahfcifla AC, and 
confequently AT is = A C. 

39. But to draw Tangents to all Sorts of 
Parabolas univerfally ; let the Abfcifla = x, 
ordinate —y, and the Parameter = i . • Then 
the Equation will be x —f^ aud in Fluxions x 
^ssg^r'% which fubftituted for x gives the 

Sub- 
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Subtangent ^ = mf = (by putting x iorjr its 

/ 
value,) mxy fo that when « = 2, it will be = 

2x as before. 



Example IIL 
40. To draw a Tangent to an ElHpJis. 




Put the tranfverfe Diameter A D = /; Con- 
jugate N O = r, Abfciffa A C = at, and ordi- 
nate GB =^. Now, by the Nature of the 
Curve, An)*:NO)* :: ACxCD : CB)% 



Ue. /* : r* : : X X / — x : — . tx — x"^ =y\ and 
by putting each Side of this Equation into 



Fluxions we ihall have ^ tx — 2xx = 2yy and 



2tyy 



this divided by — ?— 2;c gives xz=: - 

which 
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which fiibftituted for x in -^-r- the general Ex* 
|»rdSon for the Sobtangcnt {fee Art. 35), gives 
the Subtangent CT= — — '—r- = (by writ- 



ing -, /^-x' for / its eqoal) ^.^._^^.,.^ - 

Whence we may bbfervc that 



2tx — 2;v* 



AT(: 



-ax 
CT- 



•CA: 



2tX 2X 



) 



tx 



t — 2X ' t'-^2X 

= that Part of the Subtangent which falla 
without the curve. 

Example. IV. 
41. To draw a Tangent to an Efyperioh, 




H 



Put 
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Put the tranfverfe Diameter D A = /, Con- 
jugate NO=f, Abfcifla PiC—x, and Ordinate 
C B==y. Now, by the Nature of the Curve, 

as lJ5)* : N^ili.: DC x A C : cH* /. e, t* 

c* 

c* i : t-\-x X X : — /x-f-x^ziry*, and by put- 
ting both Sides of this Equation of the Curve 



c' 



into Fluxions, we fliall have —^ tx-^2xx=s 
ayy therefore, by Divifion, x = -^ /^ - — 
which fubftituted for x in — or multiplied by 
'-4- (-^r/. 35.) gives the Subtangent C T = 



iX..* 



2t y' 

^* ' 2fX~\^2X^ 

- /.v+x* is) = ^^^ , So that, AT, that 
Part of the Subtangent without the Curve, is 

2tX^2X* tx 

— 'X: 



t-\'2X t-\:2X 

Example V. 

42. To draw a Tangent to an Hyperbola be^ 
tween its AJfymptotes j that is^ taking one of its 
JJfymptotesfGr an Axis, 

Let 
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f 




Let EG and ET be the Affymptotes 
of the Hyperbola H A B, whofe Vertejc 
is A, draw AP and BC parallel to the 
Aflymptote E G : then will A P be the Para- 
meter, and equal to PE, which put =^ j E C 
an Abfcifs, which put = oc\ and CB an 
Ordinate, which put =^. Now, becaufe when 
X increafes, y decreafes, x zxAy are Negative 

to each other, and the general Expreflion for 

• 

the Subtangent is — -?- which fhews that the 

y 

Point T lies on the other Side of the Ordinate 
C B with regard to E {Art. 36.) By the pro- 
perty of the Curve E C : E P : : PA : C B, /. ^. 

x'.awai y.'. x=. — which in Fluxions is x= 
3^ and this fubftitatcd for x in -^ gives the 

f y . 

H 2 Sub- 



f 



5* y^» Introucction /« tie 

SubtaDgentCT==--t^==— === (by writing 

sfjr for tf*) -«^ =x, fo that CT muft be equal 
toCE. 

Example VI. 

43. To draw a Tangitit to the Gmcboid of 
Nicomedes *. 




Let M the Perpendicular B E on the Af- 
fymptote DE and draw BC equal and parallel 
to BI>. Put PD=af, D A=:^=FB, D C= 
x=E B> and C B=syc=D E> Then hy/^jE, i. 

FBp^5fn^=E F, /. e. ?vZ^i=E F. But 
the A's CP B and BEF are SimUar, therefore 

BE:EF:rPC:CB, i.e.x-.S^^f -..a 

.... -^x 
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'^x : y=i -^^ X ^* — x'']^ which is the Equa- 
tion of the Curve ; and this ia Fluxions is/^s 

J X A*—- X* i 1- X y'—X^]'^2XX X 

a-^x — ax :m XX a4-x 

AT A?* I ^*— a:']* at 

' i:^ which fubftitutcd forj^ in — ^ 



X* X ^*— x^|4 ;^ 

the general ExprefBon for the Subtangent 
when X and y are Negative to each other 
( jirt. 36. ^ gives the Subtangent C T = 

yx^ X ^*— x*l* 

^^^ — XETr"' — (which by fubftituting for jf it$ 

equal in the above Equation of the Curve, is)= 

/i-\-x X ^* X* X X* ^2+X X ^*x — x^ 

ai^x-^x* ~" a6^+x' ^' 

* This Curve is thus generated ; from a fixt 
Point P, which is called the Pole of the Con- 
choid, let any Number of right Lines PA, PB, 
be drawn ,cutting the right Line DE, which 
is an Aflymptote to the Curve ; and let the 
Diftances DA, F B, be made equal to eadi 
other, and a Line drawn thro' the Points A, B; 
then will this Line be a Curve, called by its 
Inventor Nieomedes^ a Conchoid. 

Ex- 
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Example VII. 

44, 7b draw a Tangent to the Ctjjoid of 
Diocles *• 




Let A B D be the Ciflbid, whofe generating 
Circle is A F E and Aflymptote E G. Put the 
Diameter AE=:^, Abfcifs AC=jc, and Or- 
dinate C B==y. Now by the Nature of the 
Curve i/C : C A :: AC : CB (For fince by 
the Generation of the Curve, the Arches E.^ 
and A d muft be equal, therefore b h=d C and 
i&E=iCAi and becaufe the ^'sbbA and 
BC A are alike, therefore hb;.bb\\ AC : 
^ B ; but by the Property of Circles A bibb 
bb : bE\^ bb : bE :: AC : CB, i. e. dC 

;CA 



4 • 



1 
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: C A : : A C : C B,) or, becaufe C E=tf— *r, 
and A C X C E",s=tfx— x*li=C </, as ax—it'\i 

« 

: X : : a; : ^ •/ A?*==y x ^x — x^ ^ and by fquar- 
ing both Sides of this Equation x*=-tfxy*— 
a:*^*, and this divided by x gives x'^z=zay^ — xy*. 
In Fluxions it is 2^*x=z2ayy — xy^^-^ixyy^ 
then traQrp6re and divide and it will be x=^ 

— =^— — ~ which fubftituted for x gives- the 
Subtangent CT( = -^, ^/. 35.) = 
■ X , X == (by fubftituting for j^*, its equal 

• J • Whence we may obferve 

a — xy 3^ — 2x ' 

that AT, the difference between the Abfcifla 

nx 
A C and Subtangent T C, is = . 

3^ — ^2X 

* This Curve is thus generated. Let A 3E 
be a Circle, whofe Diameter is A E ; and 
make any Arches E ^, E 6y and A r, A //, e- 
qual to one another 3 and thro* the Points a^ 
6y d^ r, let right Lines be drawn Perpendicular 
* to A E, and tranfverfe . Lines from the Point 
A ; then, from A, thro* the Points of Intef- 
fcftion e^ B, D, &c. draw a Line A^BD &c. 

and 



1 
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and it witl be a Curve, called by its Inventor 
DiocleSy a Ciffoid* 



Exam p i:e VIIL 

45. To draw a Tangent to the Cycloid *, 




H 



A Cc E 



Put E A the Radius of the generating Circle 
=rtf, Abfcifs A C = ;f. Ordinate C B =>, C G 
=j, and the Arch AG ;= x. Now by the 
Nature of the Curve C B = C G-f GA, that is^ 
y — s-^-z. (For, when the generating Circle 
AG F is in the Pofxtion B L K, the Arch BL, 
or GF muft be equal to LD^ and L K, B^, 
or GA = LF, or m C; but Cm = G B; there- 
fore GA = GB and therefore &c.) and this 
Equation put into Fluxions gives y — s-^z. 

Let 
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Let Gg — z'y gn'=is\ an4 wG = Cr=:;J; 
then, becaufe EG is Perpendicular to Gg^ the 
/^'sgGn and E G C are equal, and therefore 
the right angled /!^sgnG and G C E are alike; 
and confequently gn : nG :: EC : CG, thait 

is, s' : x' :: u— x: s •/ s' 3c= — ^ — a;' or s = 



;c, and again, ^G :G/i:: EG: GC, 



that IS, z' I x' :: a : s %• 2;'=: - ^' or 2;= — x 



Now by fubilituting — -^ x and — xfbri and z 

in the above Fluxion of the Equation of the 
Curve, we have-^=^ x -f- — ;c=^ x 

V tl « 

therefore the Subtangcnt C T (= f? Art. 35.) 

V 

^ . • ^- . 

t 

^ Whence we may obferve, by Aa- 



sy 



2a — X 

m 

nalogy 2a — x : s : :y : CT^ L e.FC : CG :: 
B C : C T ; but by the Property of Circles FC 
: CG : : GC : C A v GC : CA :: BC : CTj 

confequently .the As G C A, and B C T arc a- 
like, and BT is parallel to G A. 

* This Curve ia thijs generated. Let a Cir- 
cle, or Wheel, roll along upon a right Line, 

1 unti 



I 
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until it perform one Revolution, that is, until 
it meafure out a right Line equal to its Circum- 
ference 5 then that Point in the Circle which 
firft touched the right Line, will defcribc the 
Curve called a Cycloid. 



Example IX, 

46. To draw a Tangent to the ^adratrix cf 
l)inoftratus *• 






e 
d 



9 
3 



Ja 




CAAHT f 



Put E F, the Radius of the generating Qua- 
-drant = tf j E A the Bafe of the Quadratrix *= 
6 } Quadrantal Arch F D = c j Abfcifs A C= 
*; Ordinate CB=^; Arch FG==2;} and 
the Sine G H = !• Now, by the Nature of 
the Curve, aS Arch P D : Rad. D E : : Arch 
T G : Ordinate B C (which is evident from the 
generation of the Curve,) that xs^ c : a:: z:jy 

' %• az^cy and Z:=z 2. in Fluxions zz=: ^^. By 



a 



Sim. 
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Sim. As BC : CE : ; G H : H^ i.e.y.b— 
x::s: = HE, Le(^i& be conceived 

iodefinitely near and parallel to G H and G n 
equal and parallel to Hb, i. e. let ng=s' and 
gG=vi\ then will the As E H G and ^ « G 
be alike, and therefore H E : £ G : : »||' : ^ G, 

i. e. : tf : : i' : ^ — ^tii~ ^^ {Art. 3.) 

ig=: , ^ > HeBce we have -7 = — 

sb'—sx sb — sx a 

^Mch gives i= — 2L- — 21. Now by 47 £. !• 

fcf+CBf)i=B E, /. e.h—xX-^f\ ^=B E^ 
and by Sim. As EB ; BC : : E G : G H, /, ^. 



u 1 , » , .1. in Fluxions is* 
t — 2bx-{-x -\-y*\^ 



sibove is =) — ^^ — —t and jthis Equation, ty 

I 2 Multi- 
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Muklpltcation and Tran^iition, gives a'iy^x 

III lii-n III. Ill 1 I J~^;fe^.- ■■ ■^-'^ 

^^a^y'xx^zbcsy — csxy x b-^x\ *+J^ r-^'jjy x 
', and this divi(^cd by t—x gives ^ *^*x=: 



<fiy X }h^i^\ * +^— tf 'jy X ^— X {^r by fobfti- 



tilting for i its above value n i/ r , 




X A—-^ H-^y* — a^yy x ^ — x i But, by a Pro- 
jjcrty of the Curve, as FD : DE t rEF : BA- 
(for when the Arch FG is indefinitely fmall, 
it will concide with^ or be equal to ks Siaa; 
C H, and one may be taken for the other ; 
and then E A may be taken ior £€, dbd £R' 
for E R } and therefore then, by the above , 
l&fatupe of the Oirrve, as Qwradrantal Arch FDi 
Rad. DE. :.• irtdeSmtely ftnafl Sine GH:* 
indef. fmall Ordinate B C ; but by Sim. A« 
6H : BC :: (HE, ;. ^.) EF:(CE, /.r.)EA^ 
confeq. Arch F D : Rad. D E : : EJ : E A,) 
i.e.zsc^ az\ a:.h \ricts=:a\ and by fubfti- 
tuting 6c for a* we have aicy*x:=:acyy x* 



b — ^^y+>* — ^bcyyy.b'-'^ and this E<}uat|ait 
divided by My gives hyx=:y x J^A?^*4:y*-«^/ y 

^ — . . ^-— ^l*+y*-^ X b — X -^ - 
b — X •/ x==y ■ ' ^y "^ ■ " ' — which 

iUbftituted for x gives the Sabtangcnt C T (= 
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EC, which gives the following geometrical 
Conflrudion, vtss. if B be the Point to which 
the Tangent is to be drawn, make £ I;p:EB, 
and E L=:E A, and let the Semicircle L If 

be drawn thro' the Points L and I. then T is 

- •• ^ 

thft Point thro' whkh the Tangent mullr pafs. ' 
For by the Property of Circles LE x ET=El)* 



:(by Conftruaion) EB) , /. e. EA x EC+CT 
:EB * •/ ^ =s^C+CT and S^«_ EC 

:CT. 



* This Curve is thus generated. Let EFD 
be a Quadrant of a Circle, whofe Radius B-D 
divide mto any Number of equal Parts {^ Ei^^ 
!^^> ^y> /D) aod from the Points of Divifioo; 
(v/, e,fj draw right Lines {dky e niy/oj paral- 
fcl to each other and ta. the Radius E F :• allcr 
divide the Arch F D into the fame Number of 
equal Parts (Fa^aG^Gcv D;) as yok'do thcr 
Radius ED, and to thefe Points of Divifion fa^ 



G, cj Jraw Radii;(E a, E G, .Er,). from. 
iPoint ©r Center E j then a Line drawn from D 

^ro* the Points of Intecfcdlicm .{r, B, /, &c.) 

* -^ 

will 
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will be the Cunrc called a Quadratrix; the 
Invention of which is imputed to Dinojtratus.^ 

• » 

£ X A M P L S X. 

47^ 5fl draw a tangent to the exponential 
Curve DB, whpfe Equation (putting A C=zx^ 
C B==y, and ^ =;= a given ^antity) is a^=y^ 




Put A = the hyperbolic Logarithm of a, 
and Y = the hyperbolic Logarithm ofy ^ then 
by the Nature of Logarithms xA = Y, in 

Fluxions iA=Y= (fee Jrt. 14^.)^ which; 
divided by A gives ^=*t^ and thisfubftituted 

for X gives the Subtangent C T {=^Art^ 

y I 
35.) =r:^=e=— , Whence wci may obfcrve 

that, 



f 
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that, the Subtangent being an invariable Quan-^ 
tity, the Curve D B is the Logarithmic Curve, 
(fee Art. jo.) 

48. The Examples already given being only 
of thofe Curves, which are referred to an Axis, 
or whofe Ordinates are parallel to one another ; 
we fhall now give a few Examples of Spirals, 
or thofe whofe Ordinates all ifliie from one and 
the fame Point : Where note the general Ex- 

preflSon for the Subtangent will be -?- as be* 

fore, as will be proved in the next Example. 

Example Xt^ 




49. Let hG be any Curve whofe Ordinate i 
all iffue from the fix t Point C^ and fuppofe its 
TdngentGN^ Subtangent H C^ and Ordinate 

CG 
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• CO to h given ; and let there be anotberXlurve^ 

K^j B D, idK>fe Ordinatet aljo ijfue from the fame 

Point C, and of fucb a Nature j that Pi G/hail 

always, be, toCB as^tohy 'tis required to^draw 

tbi Tangent BT. 

N.B. He Subtangent and Ordinate to all 
Spirals; are always perpendicular to each other. 

Suppose C^ indefinitely near to C G, that 
is, let the MOCg be fuppofed indefinitely 

'fmallj and with the Radii C B, CG, let the 
jfldefinitely fmail cohctotric Archea Biz, Gi»^ 
be defcribed ; which being confidered as coin- 

. ciding with Tangents to the^Points n and m^ or 
as indefinitefy Tmall right Lines Perpendicular 
toC^, the As^;7B, BCT, will be Similar, 
as will alfo the ^sgmGj G C N, the Curves 
B D and A G being alfo fiippofed to coincide 

^ with the Tangents T B and N G in the Points 
h and g ; as they very well may in the very 
firft Moment of the Exiftence of the Angle 
G C^, or juft as it begins to be. Put GN=:r, 
NC=r=^, CG=:r, CB=^, AG=:«, and B«=x'; 
then nb=:y\ and Gg — z\ Now bni nBi\ 

BC: CT, /. f.y : ^ i.y : ^=s=CT, ovy : x 
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XV 

:iy : — r- ==i C T, Whkh is a general Expref- 

fion for the Subtangent of Spirals, or Curves 

referred to a fixt or central Point, and is the 

fame as that before found for thofe Curves 

which are referred to an Axis, jirt. 35, 

From the fimilar Seftors or AsCB/^and 

CGm we have CB : Bn : : CG :Gm^ i. e. 

ex' 
y : X :: e : — =:Gm. But by the fim. As 

^ y 

grnGsLudGCN wehaveGN:NC: :^G 

iGm. t. e. c : J t : z' : =z Gm i there* 

c 

- dz^ ex^ , , cex' . cex 

fore =-*— and z = — . — or 2; == —7 — . 

c y ay ay 

Now by the Nature of the Curve AG : CB :: 
a : b^ that is, z:y :: a: b orz=:t -^ in Flux? 

bns z=: -r-. Hence we have —7— = -^ and 
a ay 

therefore x== -7^ which fubftituted for x 

bee 

gives the Subtangent C T (== %)i=^^. 



K Ex-i 
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Example XII. 

50. Tb draw a Tange$^ ta the Spiral ^ 
Archkncdcs*. 




• .,♦7 



. ; » 



r*- 









• Pitt the Circumference of. the generating 

Circle =tf , and its Radius C A=^ j C B=^, 

Arch A I G=5f, and B nz=:x\ Gg=:z' (g be- 

kig fuppofed infinitely near to G^ and B» z 

ftnall Arch concentric to G^.) Now by the 

Nature of the Curve ^ : ^ : : 2; :^ or ifz=aj^, 

ay 
which 19 Fli^xions is Hs=sa^ or «=-f- : But 

by the fimilar Seftors CBn and C G^, as CB 
iBni: CG i Gg^ i. e^zsy : x^ ::6 : z^z=z — '- 



or z\ 



h X 
T 



• « 



bx 

T 



ay 



-r and this Equation re- 

. duced 



\. - 
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duc*d gives x= -^ which fubftitutcd for ^ 

b. ^ 

• 1. 

gives the Subtangcnt CT (= ^, Art. 48.) = 

-^ =^ by fubftituting ^ a; for its Vj^tluc jj ^ 

which givcj^ the foUowing Conftrudiion, viz^ 
with the Ordinate C B> as a Radius defcribe 
the circular Arch E D,j and make C T perpeiv* 
dicular to C G and equal to the Arch 6 D j 
then will T be the Point thro' which thcT 
Tangent nauft pafs : FiM^th/en the Sc^Slprs CG^^ 
9nd C B D will be Similar and confeq. C Q : 

GA t uCB : BD, u e. btz : :y: B Dzs^^ 

* 
N. B. The above Expreffion fpr the Sub- 
faingent may be inferred frowi that in jSrt 49, 
Ibf if in that Article, the Curve A G be aii 
Ardi of a Circle, the Tangent G N and Sub- 
tangcnt N C will both be infinite (fince the 
Tangent to a Circle is perpendicular to th^ 
Radius, and confcq. C G being the Radius^ 
G N and N C will be parallel 5) and a denote 
the Circumference, and & the Radius of that 
Circle ; and therefore ^ and e will be equal ; 
and fu)>ftituting i for e and ilriking c and d out 

of 
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* 

of —r-% the Expreflion for the Subtangcnt j 
we fhall have •— = the Subtangent as above. 

* This Curve is thus generated. With the 
Radius C A, let the Circle A I G A be defcrib- 
cd with an equable Motion, or, the Point A 
defcribe equal Arches in equal Times % and at 
the flime Moment of Time that the Point A 
legins to generate the Circle, let another Point 
t)C conceived to begin to move along the Ra- 
dius C A from C towards A, and to pafs over 
it with an uniform Motion, and fuch Velocity 
that it may arrive at A at the very fame Mo- 
ment of Time that the Radius C A (hall have 
defcribed the Circle, or come to be in its firft 
Situation ; Then will the Point moving along 
the Radius CA, generate, or defcribe, the 
Curve CB^A called a Spiral, which Name 
was given to it by its Inventor, Arc^imede^ 



C H A P. 
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C H A P. V. 

Of finding the Points of JnfieSiion or contrary 

Flexure in Curves. 

HITHERTO we have had no Occafion to 
makeufeof fecond Fluxions, and there- 
fore have not treated of them : But here we 
(hall fay fomething con^ernhig them, as they 
will be ufed in this, and the following Chapter. 



« « 



51. In all fluxional Equations, it is proper 
that fome one of the variable Quantities be fup- 
poied to encreafe uniformly, with which the 
others may be always compared ; which 
Quantity will therefore have no fecond Fluxi- 
on, that is, the firft Fluxion of it will be in- 
variable. Now the Reafon of this is plain j for* 
if wc only know in general, that two or more 
Bodies, arc carried over unequal Spaces in un-j 
equal Times, no Inference can from thence be 
dr^wn, with regard to the Equality or Inequa- 
lity of their Velocities 5 but if the Spaces pafs'd 
over, are compared with the Times in which 
the Bodies were moving, we (hall then obtain 
the Ratio of the Velocities of the moving Bo- 
dies : Now in Order to this Comparifon, there 
mud necelTarily be fome Standard which is the 

common 



yo An Introduction u the 

commoo Mcafure of the Tipies the Bodies 
were in Motion i the fame as, in the Conipar 
riibn of two or more Magnitudes, there muA; 
be always fooic Quantity, which is the com? 
roon Meafure of all. And, in Curv^f» when 
we make the Fluxion of any iloi^i^gi^jg^^tit)^ 
as tl?e Abfcifs for In%nctv, m?t»^^^ \t%^^ 
Effcift, iia more than ta4;ii)g^qijal,PortionS)0£ 
it, that we may there]pyl^4et^xnif}e,the Fki«i^ 
ons of the other v^^jab^^i Qjjanti^es,. m thfif 
Proportions with whic^ they flow. 

52. In finding idhQ^fefond Fluxion of^yEf 
quation, all the yai^pie Q^ianti ties and Fluxi-» 
ons, muft be ponfidered as diftin^ Elueot»i 
and fluxed . accordingly, by the Rules laid 
down in Chap. 2. Thus the Fluxion of the E# 
quation xy^^ax^ by Art^ 9* will be zy\zy^si 
ax^ but as we my aflume either x orjt as in» 
variable, by making x ib, it will be zy^zy=i 
o, becaufe x^ and conf^qu^ntly ^, is ^i^o, or 
if we make jK invariable, it will be »y=»?3i, be-^ 

caufe then jf and confecjuently sy will be =:o, 

" . • • • * 

Agam the Fluxion of -^rr- 4- — ^^^Vx if we 
make y inviK'iable Or j? = o, will be ! 

] '- .■■' -^ — ■: +"r =^^=^» that-.isp 

r" -'•■• X ^ " ■ - - ^ ^"^ - 

azxx-^ 



,. ... «< t A. 



Doctrine */* Fluxions. • *7i 

— ^ — :^t -"^ +— =C). The third or 

fottrth Fluxions, &c." f're Yoarid in the fame 
Manner, <iue regard being hjd tofuchFluxi- 
e«iJ as are foppofed invariable. V 
'53. When a Corvfe from being Concave 
bebomi^laffi^fex towards Its Axis, or ftonrbe* 
ifig Conve^teBmes Concave, that Point wherf 
the Change fe'.b&d^, of that which fepwates 
the Cbnvex fit>m the' Concave Part, is called 
the Point of IriMiiofri, or contrary Flexure j 
or, the Point of^ IriflM^fe |s that, to;\jirhk:ha 
Tingent being drawn, 'cift^lth^ 'Curve. . 

54. In the Curve A B t>f ifupppof^ B to be 
ihcPoktof Inflcdioft} then, becaufe AB is 




A € 



^■*i*«*M^*l 



H 



Gbncave and B D Convex towards the Axw 
AX, is it evident, that the iod^iiieely fis»al( 
tncremeflt of the Curve at theiaidl^owt B, vriU 
be neither Concave nor Convex, that is, will 
be a light Line j and becaufe, during this In- 
crement 
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crement the Tangent at B will exafti/ conclde 
with the Curve, or the Ordinate will flow on 
each Side of the Point B with an equable or u- 
jiiiorm Motion, the Abfcifs being fuppofed to 
flow fo too, it follows, that the Ordinate will 
by flowing along that Increment, have no 
variation of Incrcafe, or its fecond Fluxion will 
be =o. Or, becaufe when the Abfcifs flows 
en with an uniform Motion, the Ordinate 
flows with a retarded Motion, when the Curve 
is Concave towards the Abfcifs, and with an 
accelerated Motion when it is Convex, there- 
fore at the Point of Inflexion, where the Curve 
is neither Concave nor Convex the Ordinate 
muft flow, with neither a retarded nor accele- 
rated, but, with an uniform Motion, and con- 
fcquently its fegond Fluxion mufl: be equal to 
Nothing. Therefore, 

^^. Put the Equation of the given Curve 
(where A C=:x and C B==y) into Fluxions, 
and find the Value of x ox y \ and put this 
Value oik ox y into Fluxions again, and make 
both X and y =o ; expunge the reft of the 
fl!uxjonal Quantities, by the help of the Fluxi- 
on of the Equation of the Curve 3 and you will 
have the Point of Inflexion fought, deter* 
mined. 

: 56. Note^ Wlxen the Curve is firfl: Concave 

towards 



•« 
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towards^ the Axis, as in the laft Figure, it is 
evident, if B be the Point of Inflexion, and 
B T a Tangent to it, that AT the Difference 
between the Subtangent and Abfcifs will be a 
Maximum : and when the Curve is firft Con- 
vex towards the Axis, as in the annexed Fi- 
gure, it is evident, that AT the Difference bc- 




T C 



twecn the Abfcifs and Subtangent wUl be alio 
a Maximum. Wherefore the Point of Inflec- 
tion may be determined without the help of 
fecond Fluxions, by firft finding a definitive 
Expreffion for the Subtangent, by Chap. 4. and 
the Difference between that and the Abfcifs, 
and then making the Fluxion of this Differ- 
ence equal to Nothing.. This, we fhali iUullrate 
in the following £x;ample. 

Ex A M P L E I. 

57. TofndthePotnfoJlnfieSiicninthyCon^ 
cboid 0/ T<iicomcdQSy or^ the Point where it be^^ 
gins to be Convex towards the JJfymptote D £• - 
^ L N.B. 
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N. B. At A the Curve is Concave towards 
D E ; but it cannot poffibly continue fo long j 
for, if it did, the farther it proceeded the more 
it would incline or tend towards the faid Line, 
and fo interred it ^ whereas in fadl, the farther 
it proceeds, th^ kfs it tends tc^ards the faid 
Line : Confequendy the Curve muft have a 
Point of Inflexion « 



Put PD=tf, DA=3, VC=x, andCB 
zzzy 5 then by Art. 43. the Fluxion of the E- 

quation of the Curve will be v= J! — l-^., 

a:*x^* — x^\^ 

Suppofe B to be the Point of Infledion, then 
the Fluxion, of this again, (becaufe x b$:ing 
fuppofed to flow with an equable Motion, the 
feeond Fluxions of x and y==^o will be o = 
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>lk««i 



^ix^k^ X ^^=3?)i— a^;i X ^^=?)i- 






■^■"' ^- -^^t.,^ ^-'I* r Bii ■* • "^ ruiia I ■- 

■4 



X 



t«rhich multipKed by x*i-*—x*f and divided by 
t^xx* gives o=2<«3*— 3tfjc*— .^*, or x^-^-^ax* 
»—2a6*=Of by which «' and confequently the 
Point B may be determined: And if ^—i it 
Vrin be x'-\-^ax*-~-2a'=6, which divided by 
S+a givefe )r^2aX'~'2a*=o, or x'-4-2ax== 
2tf *, and by folving the Quadratic x=2^^ — a. 
O r^ beca u fe the Su btangentCT (yirf. 43.^ 

a-{-x X px — X , , _ 

«=— -^:p— , and AC is =^-Ar; 

therefore At (=CT—CA) =iifliii!±l£ 

'--^+jir=<a! Maximum (Art. 56.^ which 
thrown into Fluxions is 

tf^'-^x^ or 
-~'; 3^*^ X ab"^ x—ax^ -\-b^ x^ — x* 

a-b^^zab^x'-irx" ' + ^ = o. ' 

then mulripiy by /^b*-\-2ab^x^-^x* and ftrike 

' out the contradiftory Terms, and it will be 

2a"b*x-^/^ab^x'x'^ia*b*^^x-\-zabAXx^b*xJc 
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=0, which divided by * — ah^k — 4>^xx gives x^ 
^yix'*' — 2ab^^=o, as before. * 

We may obfervc here the ftridt Agreement 
in thefe two Methods of Solution j fince, tho* 
the Premiffes are widely different^ yet the Con-^ 
clufions are exactly the fame : And indeed, in 
all fluxional Operations, where the Thing 
fought may be obtained by different Methods 
of reafoning, thefe Methods do never ferve to 
give us different Expreffions of one and the 
fame Value, but always the very fame Expref- 
lion ; unlcfs in fome Cafes where there i? any 
Ambiguity m the algebraic Operation. 

* Example IL 

58. 1^0 find the Point of Infie&ion in the in-- 
fieSed Cycloid *, the Circumference of nihof^ 
generating Circle is to its Bafe as 4 to 5. 





Put the generating Semicircle A G 
Baiie F l3=^l^ Radius E A or E F=:r,' Abfdfs 

AC. 
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AC=rXy Ordinate C B=y, Arch AG=2?, and 

Sine G C=s ; and fuppofe B to be the Point of 

Inflexion fought* Now, by the Nature of the 

Curve a\: i i: z: {G B) y — s •/ ay^-^s=JfZi 

bz 
and ^==^-| and the Fluxion of this Equa-^ 



a 



bz 
tion is J^=i-j . Let the fluxional Trlanglci 

G^^and the Radius EG be drawn; thett 
will the Triangles E CG and Gng be alike; 
(for Gg being confidered as an indefinitely 
fniall right Line coinciding with the Tangent 
to the Point G, the Z.E G^^ will be a right 
Angle, and therefore =z.CEG+^EGC, 
and the Z.EGC being common, therefcre 
Z.CEG=z.«G^andconfeq. the z.sGCE 
and Gng being right, the A E G C=: the 
jLGgn :) therefore, z,s nG ingii EC : CG, 
or, X and s being Negative to each other, as 

r-i IX : : x-^r : s •/ i==:i — ^ — -, but by the 

s 

Property of the Circle G C=AC x CF|i, i. e. 

s^=z zrx — ^Ar*[^ which fubftituted for s gives i=: 



'Xy.x 



xV 



2rx— X 1^ 



By 47 £. 1. 2=^3^^^ 0'-^- l>y 



r;f 



fjibftituting for i its Value) = •===v7^ 

Whence 
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— ^, =z= n . 7 x> And thk 

put into Fluxions, fuppofing x to flow with aa 
uniform Motion, o'r 'x and j?==o, (-^/. 54.) is 



C:= l"."'""'^!^ > conlcqucntly ^tat — ^r* 



a X 247X- 



^ 



It*=so, and brx=ar*^br*\'Xss -4^r,.aiid 



E C ( = X— r) = 7-r, which gives the Point 

C ; from which a perpcndicnlar Ordinate being 
drawn, will fall on the Point of Inflcdioii : 
Apd tiiis is an univcrial Theorem for all in- 

flcdled Cycloids, when j- exprefles the Ratio 

<if the Circumference of the generatmg Circle 
t£> the B&ie df the Cycloids 

* See bow this Curve miay be generated. 

Example III. 

♦ - ' . ...... 

59. To Jirtd the Point of InfieSlioh B.m the 
Cur^e A B D, wbofe Equation (putting A C== 
% C B=^, and az^z a given ^entity) is dx^ 

.t^ay^xy. 

The 
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The Equation of the Curve put into Fluxi- 
ons is 2^xi=:tf*^-[-2xiy-|-;f*^\ therefore y =50 

(/• e. by fubftituting — -y-r for *te 



—'•^ 



Value ;f) ===-_=__-, and the Fluxion of this 

again, mak ing x and j?=:o, is o = 

\ J ^ , thereE 



npia««*i 



and by dividing by 20^ x^ we (hall have x k 

^*-j-^*|*"'~4^**^*'^ — A^*x:^=:x^^ therefore 4^*^-f* 
j^^x^xzzzx X ii*-|-x*r, and this Eqpation di- 



vided by jc*x-|-^?*i gives 4x*5=tf*-|r,A?* by tranl^ 
pofition 3;^*=:^* •.• ^*=^* and x=iay/1 and 

if this be fubftitutcd for x in the Equation of 
the Curve, we fhall have y or the Ordinate at 
the Point of Infledtion = ~^. 

If it were required to find the A0yiJ3rptote pf 
&is Cttrve» wc need only fuppofe the AbicUs 

and 
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and Curve to be indefinitely extended \ and 
then becaufe ;c* will be indefinitely near to E- 
quality with <2*-i-^% we fhall have^, which 

by the Equation of the Curve is = tf x — 



x^ 



tf -I X*' 



indefinitely near to Equality with the given 
right Line dy that is y, will then be = ^ lefs a 
Quantity indefinitely foiall : Wherefore if a 
right Line, to the Diftance of the given right 
Line a^ be drawn parallel to the Diameter A£ 
it will be the Afiymptote required. 



CHAP. VI. 

♦ 
Of finding the Radius of Curvature in Curves. 

60. A S the Curvature or Convexity of all 
JlJl Curves, but Circles, varies in every 
t*oint 5 therefore, if Circles are drawn to con- 
* cide with the given Curve in any Number of 
Points^ or, which is die fame, fo that the 
Tangents to the Circles may concide with the 
Tangents to the Curve, the Radii of thefe Cir- 
cles will be diflferent : And the finding of thefe 
Radii is the Bufinefs of this Chapter. 

And becaufe all Curves are formed, or may 
be formed, or generated, by the Evolution or 
winding off of fome other Curves; therefore 

the 
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the Centers of thefe Circles which coincide^ 
and confequently have an equal Curvature with 
the different Points, or rather Increments, of 
thefe Curves, will be continually in the Curves 
to be unwound j which Curves are called the 
Evolutes, and the others formed or generated, 
or conceived to be generated, by their Evolu- 
tion, are calkd the Involutes. 




6 1. To make this plainer: Let DBF be 
any Curve, round which conceive a Thread 
to be wound and extended beyond the Curve 
D in a right Line to A : Let this Thread be e- 
volved, or wound off, froni the Curve DE, 
fo that it be continually ftretched at its full 
Length as it leaves the Curve j then will the; 
Point A generate, or defcribe the involute 
Curve ABG : and AD, BE, GF, will be 
fhe Radii of Curvature fit the Points A, B, G, 

M refpeftively, 
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rcfpeftively. From this Definition, we may 
draw thefe following 

Corollaries. 

1. The Radius, of Evblutioh or Curvaftirc 
BE, will be always equal to the Length of the 
Curve DE, arid the right Line AD; and 
confequently, if the verticd Diftance or fhort- 
eft Radius A D vanifh, /. e. if the Radius at A 
be nothing j then the involute Curve will begin 
at D and fo the Curve DE will be equal to the 
Radius of Evolution or Curvature at the Point B^ 

2. Becaufe the Radius of a Circle is perpen- 
dicular to the Tangent, the Radius of Curva- 
ture at any Point 1^ is always perpendicular to 
a Tangent to the Curve at that Point. | 

3. The fame Radius BE, which is per- \ 
pcndiQular to the Involute at the Point B, is 
alfo a Tangent to the E volute at the Point E. 

62. 7(7 deduce a general Exprejjion for B E^ 
' the Radius of Evolution or Curvature^ for any 
Point B of the involute Curve A B G, whofe 
Axis is A X, and Evolute D E. 

Put the Abfcifs A C = at. Ordinate C B=y j 
fuppofc 6 E indefinitely near to B E, 6 c inde- 
finitely near and parallel to B C, and B m pa- 
rallel to A X, /. e. let C c or B n=:=:x\ and 

. nb=::^y % 
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A C^ » 



nb—yy then by 47 E. i. B^ = Ar'*4-y*]4 
Now becaufe E B is perpendicular to a Tan- 
gent at the Point B, and B^ is fuppofed to 
coincide with that Tangent, the TrianglQS 
hnb and BCH are Similar (For z.EB^^ 
C B ;/, and therefore, the z. E B ;2 being com- 
mon, the Angles «B^and CBH are equal v 
Z-B^;x= Z.BC H, ergo, &c.) and the iLBAw 
being right, the Triangles mnb and ^ ;z B are 
fimilar alfo, as are likewife therefore the Tri- 
angles bnm and BCH. Wherefore Bn inb 

BC : C H, ;. e. x':/ ::;r i-?!^ — CH^ 






And therefore (by 47 JS. i.) BH = 



£ C]»4-C H)1^ 
and A H=Ar-f- 



yy 



7^ 



yy 



I 

Again Bn : »^ : : 6n : ;^;7i 



I 
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J 



Now becaufc the Diredlion of the Curve ABG 
approaches continually nearer to 4 Parallelifin 
with the Axis AX; if we fuppofe the Ab- 
fcifs {x) to flow with an equable or uniform 
Motion ; th&t is, fuppofing ;c' or .v to be in- 
variable ; it is plain that the Increment of the 
Ordinate (^) or the Velocity, with which it 
flows, mufl: continually decreafe; and there- 
fere the Increment or Fluxion of this Incre- 
ment, or the fecond Increment of ^, will be 
Negative. Therefore H by the Increment of 

A H, viz. the Increment of Ar+ <^ will be x! 

|^.L!ll22L. Now the Triangles E B /w and. 

and E H w are fimUar, as is evident ; there- 
fore Bm—Hb : B /w : ; (BE— H E=) B H : 

BE, ;. e. ^ : x'+?^ : : ^ x 7^:f^i : 

:filiO:=BE : or, fubftituting the Fluxion 

xy ° 

for the Increment Cjirf. 3 J B E= ^ V ♦ 

63. Notey I£x flow with an uniform and;^ 
with an eccclcratcd Motion, i. e. if x be inva- 
riable. 



1 
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riable, as above, and the Fluxion of ^ affirma- 
tive (as it will be when the Curve is Convex 
towards its Axis) the general Expreilion for 

BE, the Radius of Curvature, will, be — --^ 



3 



I 

64. Hence, becaufe we 'may fubftitute i for 
any invariable Fluxion, if we put x=i, the 
general Expreffion for B E the Radius of Cur- 

vature will be = — -—- when the Fluxion of 

y 

y is Negative, or the Curve is Concave to- 
wards its Axis ^ and = — I^ — when the 

Fluxion of y is Affirmative, or the Curve is 
Convex towards its Axis. Wherefore, if we 
put the Equation of the given Curve, which 
exprefles the Relation between the Abfcifs and 
Ordinate into Fluxions, making x=i ; and 
put this fluxional Equation into Fluxions again, 
ftill fubftituting i for x, and making the Fluxi- 
on of j^ Negative when the Curve is Concave, 
. and Affirmative when Convex towards its Axis, 
the Values of the Second and Square of the 
Firfl Fluxion of jy may be had or determined f 
which therefore being fubftituted for them in 
one of thefe general Exprcffions, viz. in the 

firft, when the Fluxion oiy is Negative, and in 

the 
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thfe fecond, when Affirmative, will give a dc. 
finitivc Expreffion for B E, or the Radius of 
Curvature required. 

65. iV. B. The fliorteft Radius, or vertical 
Diftance A D may be obtained by fubftituting 
the Values of k and y in the general Expreffion 
for the fubnormal CH, which was found {Art. 

62.) == — ; or (fubftituting x for x' and j^ for^^') 

"^ J and then making x and y vanifh in the 

definitive Expreffion which will be then found : 
For the Expreffion for C H being the fame at . 
whatever Point of the Curve B is taken, there- 
fore if it be taken at A where x and y vanifli 
or become =0, the Point C muft of confe- 
quence coincide with the Point A, and the 
Points E and H with D, ergo^ &c. 

66. N. B. The fubftituting Unity, or i, 
rather than any other Number, .for an invaria- 
ble Fluxion, hasiio manner of EfJedl onf the 
Working, otherwife than by making the O- 
peration much Ie£ laborious ; and, in reality, 
it is no more than making Unity the Standard 
of the other Fluxions, or reducing the other 
Fluxions to a Comparifon with !• 

Ex- 
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« 

67. 71? ^;7^ ^ definitive ExpreJJion for the 
Radius of Curvature B E (fee the lafi Fig.) as 
, alfo A D /^^ Difiance of the Vertices of the JEJ- 
WiE^/^ and Involute Curves ; fuppofing the 
involute Curve A B G to be the common or ap- 
pollonian Parabola. 

The Equation of the common Parabola Is 
cx=^y^ (fee Art. 3 %.) which in Fluxions is ax 
=:-2yy I or, if we write i for x^ it is tf=2J7 • 

therefore y=i: — == •- — r=r7, for y is =:aic * by . 

the Equation of the Curve : Now the Fluxion 
of this Equation again (the Curve being Con- 
cave towards its Axis, and therefore the Fluxi- 



-^* 



on of y Negative) is -— y= — =a?7 whence y* 

4 X ax\ 



a*' a , . a^ 



andj;= — =r7. Now, if for 



4x^x 4^ " 4x^;tf 
y and j?, we fubftituted thefe their Values, wc 

(hall have — ^ — ^ the general Expreffion for 
the Radius of Curvature B E {^Art. 64.) = 



1+ 
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^* 



1+— — i yt-^yCax^ r— ^ 



X 



tf* . . ^d' 



which is 



the definitive Expreflion required. »And by 

^ ' a yy 

fobftituting — fory in {^Art. 65. or x be»- 

• 
ing I.) yy we have — or \a:=A D the vertical 

mi 

% • 

Diftance ; which fame truth may be infer'd 
from the Expreflion for BE, for when the 
Radius becomes the vertical Diflance, that is^ 
when the Point B coincides with A, x vaniflie^, 
and therefore ilriking ^x out of the faid Ex* 



■vi. 



ill 

^reflion, we have -r--^ =|<7=AD as before. 



Example II. 

68. Lety:=:x exprejs the Nature of alt 
Tarabolas univerfally (fee Art. 39.) to find the 
Radius of Evolution or Curvature^ and vertical 
JDi fiance ; as alfo tbeConfequences on tbefe three 
Suppofitions refpeSiively^ viz. m=:z2^ m more than 
2, m lefs than 2. 

The Fluxion of this Equation, making xz^ 

I, is mf^^yz=.\ ; and the Fluxion of this a- 

.gain (fuppofing j? Negative) is w— ^i x mf^^y'*' 

^—my 



DoCTRINp fl/ FlUJ? IONS* ^D 

•— »gr-»j?r=o, therefore y=3-i^^, andj^*=£ 

•— 7"trzr, and v=: — = ^-^-^ — y*—: fbv di- 

viding both Nuoierator and Denon^inatot by 
«5r~*) J*z=. (by writing foxf its equal) 



• »,i^, . Now by fubftituting for^* and jr 
thefe their V^rfues, ^w* fli^K have the general 

t 

^ • • • • ' .- • • • ^ ^7*l-i 

Expreffibn for the Ila<iius of Curvature ■ ■ 7 ■ 

' / '^ 



• 



1 + 



(-^r/. 64. ) = =^ 



2m— 'i 



%m*f- 



i 






»?y*-*-|-i|* 



the Radhu of Curvature re« 



m — I X — jf*-^ \ 



quired. And by fcbftituting — --^ for y in 



( 



■^, or, ;c hang s=i, "^ ^ y {fee ^rf^ 6^. J we 



have the SubnortQa! 



/ f^ 



mf^^ mf m * 
i. e. (if /»=2,) =:-^ =i } if «t be more than 

2, then 2— w will be a negative Inder, and 
*, . ■' N con- 
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Confequcntly the proper I^lacc of y will be in 
.the lienominator, aild therefore if y be madt 
=0, it wiU be infinite, and equal to the vertical 
^Diftance.: Andlaftly, if /^^ be lcf$ than 2/thea 
2 — m IS a pofitive Index^ and /$ proper Place 
is. in ihe Numfcrator, as above, and therefore 
when the Subnormal is = the vertical DiftancC| 
or, 7=0, the faid vertical Diftancc will be 
-nothing. 

£ X A 7^ P 4 B III. 

69. To Jind the Radius of Curvature in that 
moji Jbeautiful mechanical Curve the Cycloid i as 

alfo the Dijiance of its Vertex from that tf the 
Evolute. ^ , 




AC 



» • 



\ 



•\ 



Put 



' * 
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Put of or Ot,—a^ AC=t:;f, CB=FN 
jp, 'Sine NG==j, Arch GF=«. Now-bjr 
the Nature. of the Curve {/ee jirt. 4.^.) the. 
Arch KG=GB and therefore the Arch 
F G^r<i N-j- A C, or A C-= A rch F G^ N, 
i, e,x'=- »—4t or, (becaufe by the Property of 
Circles NG = KNTnF]*, /. f. s==2af^^i) 
ae==^ — 2tff— ^*1« which in Fluxions, making 

——^^+^1 3C . ■■ ■' r?, therefore i 
ay yy^^y . yy ^ 

— ^!l^^2 — and this in Fluxions again, becaufe 
the Fluxion of ^ is Negative, is — j? =3: , 

(by fubftituting for j?, its equal,) ~-p> or j? = 

^. Now by fubftituting -^T^ i^ for f j|nd 

tf 1-4-v R 

-^ for j? we (hall, have, by ^A 46. Tr - sai 

J' . . ' ^ . 
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l-l ^=: ?^ =^ BB the Radiui 



of Curvature required : Whenoe, by Analogy 
BE: lu^ : : 2ay \ a^t that k, BE : %^ : ; 

i : I, but 2^^ = F *^ (foJ^ ^y 47 -^^ '• ^* 
4-NF1*=F161\ and by the Property of Cir- 
?lc5 ^* = K N X NF, therefore FG)'=s». 
K N X N F -|-ST)*=^2tf^, x^-f / = %ay an4 
F G=5Z^,) therefore B E = 2G F : And as 
a Tangent at the' t*oint B is parallel to the 
Chord KG, by Art. 45. and the ^ngle KGF 
is right, therefore, by Att. t\. Cor, 2.. B E 
)yUi he parallel to the Chord G F.-^-^y Artf 



65. by fubftituting ~ — ^ for its equal j^ hi 

•; . :'. ■ y ' ' ■ 

(J^t or, X being = i) w,wc have CH 

2tfy— ^'1^ and by making y vafiifli it becomes 
=s:o, fo that -the Vertices of the cvolute and 
iftvblutp Curve? coincide. 



\ E X A M P L B IV. 

• 70. Tpfind th^ Radius of Curvature at any 

Point B of the Curve A D, wloofe^ J^ature is 

Jfucby thai the Triangle C B T, made of the Or^ 

•1 ' dinate^* 



dinate^ Tangent^ find Subtangenfy is dlivays 
fropertwnal t6 the Ordtntae C B, or^ wbofe 
StibtangeniCliisahGaystlkfkme. 



^ 



» « 



% 




t 

^ 



' PtTT thegiveriSubtangentCT = tf, GCss 
«, CB=y J then by jirt. 35. ?=4, /. e. (if 

^ be made = 1,) T-csaf v t±=:4-, therefore 7^ 

y ^ 

s=-^ and^ (^c|cattic here j. flpwB with an ac^^ 
icdecated MoUon, or, its ^cspnd Fldxibn is A& 
firmative^) j/=:^, /. t, (by fubftituting^for/ 

its equal,) jr'= ^ : Now by fubftituting for 

>• and V • thcfe their Values iif - "^^ S {Arh 

/ 64.) wc 



s. » # • ■ 

<5f4 ^ iNTRODUCTIOti to fh 

^* 



64.) wc fliall have — 



Xtf* 



ZE! 



—y --ay 

the Radius of Curvature fought: where the 
negative Sine (hews only that the Curve is 
Convex towards the Axis G E, and that there* 
fore the Radius of Evolution muft lie on the 
other Side of the Curve. 

Note^ The above Curve Is the logarithmic 
Curve, whofe Aflyroptote is E G j fo called^ 
becaufe when the faid Ailymptote is divided 
into any Number of equal Paris, as in the 
Points G, T, C, E, the Ordinatcs to thefe 
Points will be in geometrical ProgreOion, /. e: 
G T, G C, &<. will be the Logarithms of the 
Ordinatcs T F: C B, ^^. ' ' * . 

Exam p t e- V. " " 

• 71 • ^ofind- the Radius 4>f Curvature for any 
^tnnt B oj tbe^ Curve A D, nvbofe Nature is 
Jucbt that tbeTangeAtoT is every where a^ual 
to the fame giaun Line 




PtfT_CC«= a:, C B = » Aen, by 47 E. i, 

rt*— C T, /. e. "jv:^i=:C T=r 

(by 



JDocTRiNE af Fj.uxrpi<»,. ^5 







y-y- > r i » » 



Xby ^r/. 35.)^ or, making x=f,^C:7I^ 



• «A •* " 



r-", an4 



fuppofing the Fluxion of ^ affirmative, y 






J'/ 



< I ■■■ 



>■ II 



P 



I 




2* 



«*^ 



for;? its equal, j=: , , ^, 

Now by writing for j>* andjr thefc their Values 
• {fee Art. 64. ) vre fliall have 






::ji*i- 






:y . 



x^^'^yl* 



■r 



'} *. ?• — * r- ' 'V or 

.. y' —-a V 



'y-a y 



» 



1^ An iNTitoDUCTiaN to^hs 



•— • X tf^-^r|^=: the Radius Curvature re* 

quired : Where the negsdvti Sign only ihews 
Its Pofition. Hence t^e following Conflruc* 
tion : On the -Extremity of the Subtangent T, 
cre<a the Perpendicular TE, and draw the 
Line B £ perpendicular t^ tha T^odgmt T B ; 
then will BE be^ the Radius «f Cunrature tt 
the Point Bi or, the Point E will be in the o- 
volwtc Curve, for thp Triang^ C B T aod 
fi T E will 6e Sinailar, aftd eoi^equently B C : 

C T : : T'B : BJ^ /• /. y ; I^^\ia\ % 



r^T 



aE. 



The general Expreffioti for the Radius of fi* 

* * 

volution or Curvature, fwioaArt. (yz, beMg. 
«alyiQrCi|nr«f rc^edtoaaAxk; wc^Ak^ 
now deduce one for Spirals, or thofe* referred 
to a fixt or centm PoioL « 






# 

V 



I.. - 




7?, Let 



ij 
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72, Let a B G be the Curve 5 A the cen- 
tral Point, or that from which all the Ordi- 
nates ifliie ; and BE, the Radius of Curvature 
at the Point B, /• e. fet E be fuppoied in the 
^volute GCirve ^ Conceive A 6 and E i indtfi- 
Tiiiely near to AB andEB; and AD, Ad, 
perpendleular .to E B, ES -, then will the 
Points D and m be indefinitelj^ear to a Coin-* 
cidence, and B m and A m may be taken as e- 
qual to -B D and A D, the DifFerehce being in- 
definitely rfmall. Now if with the Radius AB^ 
the litde circular Arch B ;? be defcribed, (which 
ttiay be considered as a little right Line^ as may 
alfo the Curve B^,) the little right angled Tri- 
sai^ ^hBr Hill be fimilar to the right angled 
Triangle BDA : (For z.AB»= z;EB^ 
therefore, ^EBfr betngicommon, z.ABD= 
Z. « B ^, and therefore, the Angles at D and 
n being right, ^'BAD^^ Z.B^« :) therefore 
^B: B»:: AB:BD, thatis, (if we put AB 
=;f, B« = ^', ni = v') becaufe by 47 JB. i, 

;;=B D, or B /» ; or, fubftituting x for x' and 

y fory\ ..sr-^, =rB D or B/f^. Again B* 

X -{-ylt 

I bn : : BA : AD, that is, x'»+/*]' •y' '*y i 

Q yyf 



.q8 ^« Introduction to the 



A n nr A^/fvr O-^r^ A Fl 

orAjw,whofeFla3sion^fiippofing x invariable,) k 

zszmd. But by the finiflac Triangles E.Bi^ 
and E«^, we Have B b^-md : B ^ : : B £-r— 
—- E/», or, /»B : BE; or, x*-f:yM* ~ 

xy y X X* xj/M^ -. - , . - . 

: : ^ ,. : , 3 . ..x ... = B E^ which \s 

a general Expreflion for ^the Radius 6f Evolu- 
tion, or Curvature, of all Curves referred to a 
fixt or central Point, when x is invariable. 
Wherefore, 

73. If ;c be made = ly the general ExpreA 
fion for B E, the Radius of Curvature, will be 

^ ^ x — > and if we put the Equation of 

the given Spiral info Fluxions, making x = i*^ 
and put this refulting Equation into Fluxions 
again, the Values of the fecond and Square of the 
iirft Fluirions of ^ being determined, and fubftlfr 
.tutcd for them in this general Expreflion, will 

give 
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give the Radius of Evolution or Curvature re- 
quired^ as in the following Examples. 



'« < 



Example I. 



)._ 



74. ToJmd4^e "Radius of Curvature at any 
Point a ^. tie Spiral of Archimedes ABD.- 
(See j^t, 50 J 




Put the Circumference of the generating 
Circle D 10 D = d, Radius A D = ^, ; Ordi- 
nate AB=;^, Arch DIG=?2, B»=x', n} 
a^y\ Gg = z\ the Point If being fiippofcd ia- 
4e6oitely near to G. Now by the Nature of 

die Curve a:t::z:yot Zfst^iti Fluxions 

T m 

. ay ' , , , hx' . hx 

z= — •, but;r: x' \\b '.%•=. •->«-, or, ;4j= --- 



O 2 



• • 



loo ^» Introduction /o/i« 

v4=^ or, making x=i,f=- wHcfil 

Of ^ y 

Equation reduced gives j?=: — : Now the 

ay 

Fluxion of diis again is y= ^V ^^ 

writing — fory ) ~r-?» an4l*iai''*4rjj»; ha^ 
° ay ay ** y • 

if we fubftitute for ^' and ^ thefe their Values 
we fhall have "TX^fef ^ ^'- 73* ) = 



dius of Curvature fought. 



5301 = BE the Ra- 



Example IL 



75 . JLet the Nature of any Spiral be exprefii 
hy this Equation af^l^z, where mjiands for 
any 'whole Number or Fra^on , ad libitum : To 
find the Radius of Curvature for any Point. « 

Tsis -Equation in Fluxions is amf-^y =: 
1^, i. e. 'J^=zJj by the laft Ex- 

ample. 



<x y. 
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. Now, 4ltts put into Fluxions 



ample, /. e. (by making *=i) — ^ — ^= — 



amy 



• • 



J^n 18, y. 






V .?)> 



a*mrf 



af+' 



fbyfubftitotkgfof >, its equal) ^. ^, j and 
^*H arid' if '^e write for 7* and j^ 



*^»*Atzm 



army 



thcfe their Values, in^*^Bl(^r^ 73.) 



!+>*— :)?>' 



we fhall have 



7^1+ 



^i»+i U 



a^my 






1+4-:^ + 



■^hR"*. '• ^* 



the Radius 



a^m^f^ ' amy"" 
of Curvature fou^t j which, when m =i, is 



C HAP. 



^ 



loa ^ Introduction to the 



CHAP. VII. 

Of finding, the Nature ^ the Evaktes of given 

Involute Curves. 

AS it is abfolutely nettflary toP; the Learn* 
I er to'be well acqiteiated Wifch the fore- 
^iag Chajpter, before he enters upon this, wi 
ihall not here define the Meaning of Evolute 
^d Involute Curves; il "being fufficicntly ex- 
plained in that. '''^'-^ 




76. Let BE, be the Radius of Evolution 
at any Point B of the involute Curve A B, 
whofe Abfcifs is A C = at, and Ordinate C B= 
y^ parallel to H A draw EN; produce B C to 
L, and equal and parallel to C L draw D N . 

then 
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then will the Triangles B H C and B £ L be 
fiinilar } and therefore B H : HC : : JBE : EL, 

• * 



X " X y. 



^lii£i£tt=EL, and CH:CB :: EL: 

y .. ■ 

LB ,-.^.vi^i^!i£-iii£i£ — 

L Bf and th«fe ar^ £i|nerally Exprtffioni &r 
£ Ly and L JBi, wh^9 ;^ is confidcred as inyari-^ 
able, and the Floxiw ^y as Negative. Hence 
77. If xstsi, and^thtf Fluxion diy be nera- 
tive, the general Expreflioh for % h will be ss 

^^^iii^, and that for L B= ii£. Now by 

y : ^ y 

Iielp of the Equation of the Curve, extermi- 
nate y^ 7*, j?, out of thefe Expreflions, as in 
the preceding Chapter j and by jirt. 65. find 
the vertical Diftahce A D 5 then, if we put the 
Abfcifs of the Evolute D N=w and Ordinate 
N E=v ; by help of thefe two Equations u=i 
B L— EC, and v=k C— AD+L E, we may 
get the Nature of the evolute Curve D E re- 
quired. 

, '^78. Nofe^ If the given Involute be Convex to- 

wardsits Axis and theFluxionsof x and j^ increafe 

together, thfe 2^ Fluxion ofy will be affirmative, 

and the general Expreffions for £ L and L B 

will 



:t04 -^f^ Introduction to the 






-^~- i. where the Ne- 



gative Sign (Hily (hews that the Points E anil 
L nmft be taken on the concave fide of the 
.Carve, that is* cxi the other fide of the Curve 
with regard to x and y. 



E X A M F L E L 

79* 7b find the Nature of that Curve by 
.miofe Evoktion the Cycloid K B D is defcrOed. 




Pitt A C=x, GB==y, Arch F Gt=^z, O D 
or OFs»ii then (^/. 69.) y^^^^^, y=z 
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— ^ — ^ and y=^-i wherefore ( fee Art^ 

, y a 

2^, and LEitr ^ ■ -.. ^ =j?X2yri2 x ^ay—y"^ 

Hence, if we put the Abfeifs i\ N i^r », and 
Ordinate NB = 't), Wc have i^=2y— -y=^, 

and V = x-\'2 X 2^j^--y*|^, /. e. (becaufe a? = sj 

^^My-^^\^i ^/. 69.) ^ = ^+^^^ ^^i o r^ 
Wridiig tt for jr its eqwl^ v = z^zau^^i^pf^ 
Whcf cfom the etolute Curve A B Qj^ a Cf • 
dotd, and equal to the givdn Cydoid A B D : 
For let ASs 8X5=41, then (AN bfeings 
FK,) ARtuFGssa;, and NR = 555=^4 
2£tfKG^ and therefore A;R-4^ RN±=ft 4* 
zaw-^^h ^ ^. A R-fR N.^ li fei whltih is 
iKe Property of the Cycloid, th«r«W A E P 
is a Cycloid f and becaufe At" ^tV>^ thef<- 
fore the Cycloids A E P and A B D are e<}uaL 



ExAMrt* It. 
> 

, 80. %Jmd the 'Nature of the Ewkite tftbe 
Curve A D, wbofe tangent B T, ;j ^*^ry 
wAfrf ^£«tf/ 19 the fame given Line = a. 

J P Let 
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Let be be the Radius of Evolution at the 

Point B; then by Jrt. 71. if a Perpendicular 

- be cre<3:ed on the Point T, it will pafs thro* 

• the Point E : wherefore when the Point T 

coincides with X» that is, when the Tangent 

and Ordinate become equal, or the Points B 

and A coincide ; the Point £ will likewife 

coincide with A, confequetitly the Vertex of 

the Evolute coincides with that of the In- 

. volute. Put XC = x, CB=y^ AN = ir, 

. y 



N E = ^, then {Art. 71.) J^- 



7\ 



•1 



and the Fluxion of y being Negative, 



ay 



•-^■== ===,==%-. Wherefore BL (jtrt. 7%). 
a ^f^y j * 



J+i 
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1+:/ 



' '^ — =— : :!-, andliE; 



a»y 



.% ..1 



y a*—y*]^ y - 

s-i— tf*— ^T^ where the negative Sign (hews* 
that the Points L and E muft be taken on the 
concave Side of the Curve. Hence we have 



uz=z — -^jf'^a which gives j^=— — and j? 



% * 
a u 



u+a\ 



^ : alfo 7;=x-f J*— ^* f, and v 



X'^ -rr—zrr, t. €. (bccaufe {Art. 36.) — ^ 

itituting for y and y^ their above Values, -1;=: 
Tiy which is an Equation for the ^vp^ 



flU 



rrrr. 



lute Curve AD, and is an Equation for the 
catenary Curve j therefore the Evolut? A D is 
the Catenary *. 

Note^ The above Equation of the Evolutc 

P 2 may 



jp3 . ^nJar^onvQrioiitQthe 

- # 

may be found otherwifc, thys j , Let E»=a/, 
ne=v' i then, tljc Triangles ?«]^ and ^BT 
^iBg SimiUr,^ as ^ » : » E : ; T B s B E, ». *. 

sBE: But BE 
f^, ?.. ^ (becaufe E T =w X N 

fore ^ =FT«* an4 '^^^=f#TT 



V : « ::tf : — r=l5Jior 





IP The Catenaf-y is a Qurvc a^ A C B formet} 
by a flexible I^ine hanging freely fropi two 
Poipt? of S^ibjenfion A» B» i^^heth^ the^ 
Points be horiaontal or not. 

8i. To |ind thf Evojute pf a Spiral^ you 
muft find the Radius of Curvature at feveral 
|>oin^$, V?h}<^ VriU give as m«iy Points in thf 
cvolule Qurv? '^ t^n a cum I.<ine drawn tbrQ* 
thofe Points fo found, will b# th? Evolutc 
fought. 

CHAP. 
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CHAP, vm, 

Of iftfifiitt Sbkis^. 

IT being abfplqtely pecol&ry for the Lctfner 
to underftand fbmething of iqfinlte $erieS|^ 
l)efbre he e^n find the FluQnts^ or flowing 
Quantities^ of Fluxions exprefs'd after a frac-- 
tional Manner, or wherein there are Surds of 
radical Quantities ; and becaufe the next Chap- 
ter treats of the finding the flowing Qs^uititiefi 
or Fluents of fluxional Expreflions ; we 
thought it not improper to add this Chapter^ 
tlio* it is, in fomc Mcafure, foreign to out 
3ufinefs« 

r 

P R O B. I. 

?& reduce JraSHmal ^^ntities into infiiite 

Sertes. 

Example I„ 

8ji. Let it be required to reduce — r- Wi9 

§t ^r X 

fn infinite Series. 

l^laqe ^-f-f ^ ^ Divifor and &zsz Pividend 

and 
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and divide as in common Diviiion, till vou 

have 4, 5, 6, or more Temis in the Quotient 5 

after which (in moil Cafes) you may find as 

many Terms as you pleafe, by confidering the 

Law of the Prdgreffion of the Terais already 

h 
found. Thus the four firft Terms being ^f^ 

a 
-i-A — r— ---r, the Law' of the Continuation 

of the Divifion, or Series, is plain j for the 
Quotient confifts of an infinite Series of Terms 
whofe Numerators are the Powers of x lefs by 
I than the Number of the Order, multiplie4 
by ^ ; and Denooiinators the Power of a^ 
wljiofe Indices are the Number of the Order of 
the Terms : And having its Signs changed al- 
ternately, thus the fifth Term will be -f- ^ 

im^thefixthTerm-r— ^ 5 and if an infinite 

Number or Series of Terms be fo taken, it 
will be the exadt Quotient of the Divifion, and 
conlcqucntly eXaftly equal to the given frafti- 
pnal Expreffion j but (generally) a few of the 
firft Ternjs of the Series are near enough the 
Truth for any Purpofe. -, 

Or, if we put x before a^ in the Denomina- 
tor of the above given fraftional Expreffion, 
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i. e. if the Dyniov be exprefs*d thus ^-j-tf in- 
Aead of a-^x i the Quotient or Series will be 

h ba , bd^ ba^ • f t r 
+— T~-— X* &c* whence the Law 

X ^ . X^ X* 

of the Continuation of the Series may be ob- 
served as before. 

83. Note. There will always be as many 

Quotients or infinite Series, as there are Terms 

in the Denbminator or Divifor, though only 

one true ; and to find this, you mud: always 

flace the greatefl Tcrlns in the Divifor and 

Dividend firfl, /. e^ i^ in the lafl Example, for 

Inflance, a be greater than x^ then a muft be 

b bx 
the firfl Term in the Divilbr, and — — — r+ 

bx* bx^ 

—. r, &c. will be the true Series ; but if 

X be greater than a^ then x mufl be the firfl 

Term in the Divifor, and —■-;+—-—— r* 

X x*^ x^ x^^ 

, &c. will be the true Series ; the other, then 
being a diverging one, and confequently the^ 
further you go in the Series, the farther it will 
be from the Truth. 



.£xi 
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» 

84^ Let it 6e required ta tEraw 






into an infinite SerieSy fuppofing a to be greater 
tban Xm 



Operatiok^ 



a^+zax+x') a^...... (1—??+ 21*-.^ 



11*4-2/7x4-** 

O -^— 2tf AT-— 'X' 



tax-^/^ 



2X^ 

» 1 1^^ 



o+s^'H 



2** 



i*' 'T- 






fcltll.ff I 



4F35*. 



a* 
4x* 8x* 4** 



0' a 



Now from thefe four Terms, it is eafy to 
fee that the Law of Continuation is fuch, that 

the 
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the Numcratbrs alt the Powers of x, whofe 

Exponents are i lefs than the Niimber of the 

Order, multiplied into the (aid Number; ahd 

the Denooiinators, the Powers of a^ whoie 

Exponents are the fame with thofe of the cor- 

tefpondent Nuhierators ; the Signs being 

changed alternately : So that the fifth Tenn is 

ex* 6x^ 
-f ^, the fixth Term ri ^^d fo on. 

I^ k O B. 11. ' • 

To reduce a compound ford Quantity intd 
an infinite Series, /, e. to free a compound Ex- 
Jireflion fi'om Suirds, by throwing it into an in* 

finite Series. 

» « 

Ex AM PL B L 

85. Let it be required to throw ^d^-^x^ or 
a^^xi » intfi an tnfimie Series. 

» 

Note. In Order to have a tnie ScrieSj the 
greatefl Term mufl be always plac'd firil, as 
in Prob.i. Therefore, fuppofing a* to begteat*- 
er than x% 

Take the Square Root of « % which is a, 
for the firfl Term in the Root (fee the Opera- 
tion below,) then this fquar'd and fiibtraded 

• Q^ from 



r 
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from tf*+«* leaves -|-^** And this Remainder 
dlTided (aa in the common Extradion of the 
Square Root) bj 2a^ viz. the double of tha 

firft Term, givts — for the fecond Term in 

the Root» which, together with the double of 

the firft Term, being multiplied by — the faid 

fecond Term, gives x*-j 1 and this fubtrad-* 

cd from X* leav0B — r— ; wWch divided by the 
doitbte of the tw& 1^ Terms in the Root, 'biz. 
by 24-|-— gives— ^ for the 3*^ ^Term in the 
Hoot which,together with the double of the twt> 

X* 

firft Terms, l;fo* ta^ — . mukiplied by — • 
g^ the iaid third Term, givcs--ps— £;+ 

fubtraded from—* — r. leaves 



64^* 4ii** 



x' x' 



:p-;j— ^ — J, which divided by the double of 
the three Terms of the Root dready found, 

X* X* x^ 

viz. by 2tf-| — — J gives -73 for the fourth 

Term 



» 

: DocTRiNfe 6f Fluxions. I15 

Term in the Root, and after the fame Manner 
may be found any Number of Terms in the 
Jloot ; and after the Latv of the Progreffion or 
Continuation is difcovered^ the ^ries may be 
continued on at Pleafure. 



Operation, 



AT* xf . x^ 



■^"(''+s;-s?-tT6? 



a 



% 



4^ 



^ a) 4a 



X* x^ \ x^ 



-A 



%a- 



fi:^i^) 04 



4«* 8tf*T 64^?* 

^ lilt ■ ? — W^— rf^ ^1 

AT* *?• 



8tf* 64^' 



E X A M P 4. E JI. 

I * ' ' ' _ • 

86. Let it he required to throw ^r-^^*l ^ //^/^ ^/^ 
infinite Seriet j ns:^erex isfuppofed to be' be lefsk^ 
than Unity y or pc greater than ^*f 



_ » 

O P E RA -i 
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Operation* 



u 

H 

«« 



>» 







1 



I I 









1 



to 



I 






I 



I I 



I I 



+ 



"if 



^ 

•► 



+ 



M 



+ 

a] 



I 






t 



i 






And after the fame Manner may any com* 

mop furd Quantity be reduced into an infi-* 

nitc 
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nite Series, But with muqh greater Eafe and 
Expedition, 

87. All manner of fradlional and furd Qli^n^ 
tides, may be reduced into infinite Series, by 
9 pioft curipus and excellent Theorepi invented 
for that Purpoie, by the preat and liluftrious 
Sir Ifaac Newton^ called his 

Universal Theqrem, 



^ m 



— . m 



which is this, P+PQJ" ==P« 4-i^AO + 

n 



^ — E O + &c. wherein it muft be ob* 

-ferved that, P+P Q^reprefents the Quantity; 
whofe Root, Dimenfion, or Root of the Di* 
menfion, is required to be thrown into an in- 
iinite Series ; P the firft Term of that Quantity, 
which muft be the grcateftj Q the reft of the 

Terms divided by the firft ; - the numerical 

' n 

Index of the Dimenfion or Power of P-]-P Q^, 

whether that Power be Affirmative or Negative, 

Integral or FraSional ; and A, B, C, D, E, &c* 

the Terms ' in the Series or Quotient already 

found, /. e. A=^P^, B=~AQ,C=^'bQ 

D=: 
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D: 



«l-^2« 



CQ^E: 



nhm^yt 



D <i^. or A 



in ^ ^ 

the firft Term, B=£the fccond Term, 
C= the third Term ^ Das the fourth Term, 
EsEs the fifth Term^ &c.f-^— The following 
Examples wiU explain, and ihew &e greot 
Ufe of this (:urious Theorem. 



ExAMPLi; I. 



88, Lei it he required t9 (brow d^Jfx^ ineo 
an infinite Series^ a* Being greater than x*. 



' ' jf 



HEREp=tf% Q=:-T» «te=I,.«=a, A: 



FT 






D: 



Pfr,^^2n x^ 



■^^•^ 



3« 



4^ 



DQ 












5* 



•j &c. 



Ex- 
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E X A M P X. E th 



* 



,89. Required to put x — x*14 into an infinite 

Series \ sc ieing greater than st*. 

♦ 

Here P=;x, 0:=— — =*— x, )W=i, «=a, 

&c. therefore x — x\i=:xi — ^^vl — J-xl — ~^, 
&c. 

« 

Example DL 
90. Required to put ^— — - w/^ tf« infinite S^- 

^ b I • 

— P7 is =s A X -^-7— =r= ^ X a4-x1~*, P =5= tf. 

Xr ^ i 



< *i 



* .a:* .** 



fore b X tf+3?('"*=s^ x : -— — ; -f- ^""^ "^ 

jc* „ , . b h 6x 'bx* bx* 

-^, &c. tha,t IS, —J — s=s — — -J- "T --r f — IT 
M.^ u\x a a * a' ' a' 

'+^ &c - 



a' 



Ex 



■tzo j^n Introduction to the 

§ 

Ejf AMPLE 1\^. 

9i, Required to put :rs:±:=:r- into an infinite: 
Series ; where a is greater than x. 



hR' 



1. 

D= r» ^=-^» &c. therefore a* x 



tf' tf 



^ a^ a'^ f tf' ^ tf* 

&c. that is, r=£=-=:i-. ^+ af! — 4^' 4. 

^, &c. 

' ... 

ig. But we may find the Series anfwering ta 
any propofed- Quantity, by the following uni'^ 



m m 



verfal ^beorem^ \i2. F-f-P Ql^« =?« x : i -f- 

X Q -{ — ?x X 




n ' n in n 2« 3/2 

n zn yi 4/^ ^ ' . 

(which indeed is the fame as the other, the' 
differently expreffed) with ftill more Eafe and 
i Expe-- 
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Expedition; and that withcnit any previous 
Dcducflion j if we confidcr that both the Nu- 
mdrators and Denominators pf the Fraftions 

m rn-^n m-^in nh^xn ' n . ^ 

:7i — -— , , — -=^, &c. are Series of 

n 2» 3» 4« 

Numbers in arithnaedlcal Progreffiai^ which 
have the fame common Difierence^. This 
will appear by thft foUowing ^x^ple&i 

E X A M P L F I^ 



93. Let X — x*\i be required to be put into 
an infinite Series. 

Here Y^x^ Qs= — ' — =? -« x^ m^ r, 

X 

« =* 2, therefore ;c-*-A:*}i obx^ x : i-^Ar.-|» 
ix-^i ^ ix-~ix-~3 . , 
2x4 2x4x6 * 

I X,— «i X •«— 3 X -"5 

2,4 . 2.4.0 2.4«0.o 

' \ xi xi ' ' ^.xi 3.c.A^I ^ 
• 2 2.4 2.4.6 24.6.8 

E X A M p I. E n. 

" 94. Xf/ ft^f^l^ ^ put into an injinite S&ui* 

R Here 
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X 

Here P=tf, Q=-, >w=3, »=5, there- 
fore ^1^^=^} x : i +1:^ 4- ^^1=^ + 



5,10.15^1' 5.10.15.20UI 

, , 3.* 6.** , 6.7.*'* 

5-*^ 5.io.<»? ' 5.io.i5.tfV 
6.7.12.A:* 

5,io.i5.2o.tf / 

CHAP. IX. 

' Ofjinding the Fluent of a given FluxioH^ 

95. A S it is the Bufincfs of the dire(3: Mc- 
jL\. thod of Fluxions to find the Fluxion 
of any given Variable Quantity or Fluent^ or 
the Velocity with which it flows at any par- 
ticular Point ; So it is the Bufinels of thisChapter 
or of the inverfe Method of Fluxions, to find or 
determine the variable Quantity or Fluent when 
that Velocity or Fluxion is given alone: and 
this may be done by the following Rules. 

96. RULE I. To find the Fluent qf a 
fimple Fluxion J Subftitute the flowing Term 
for its Fluxion, and it will give the Fluent re- 
quired. Thus the Fluent oi ax is ax. 

97. RULE 
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97. RULE 2 To find the Fluent of a 
fluxionary Expreflion which is conipounded of 
different Simple ones connected together with 
the Signs -|- and — : Find the Fluent 
of £ach fimple Expreffion Ijy Rule i. which 
connedt together with the Signs of their re- 
fpedtive Fluxions, and it will be the Fluent 
fought. Thus the Fluent of x-^y — b % is x^ry 

' *-^iz : And the Fluent of ^ x-— ^'j^-j-i; is a*x 

98. RULE 3. To fidd the Fluent of a 
fluxional Expreflion which confifts of the Pro- 
duds of two or more variable Quantities drawn 
into their Fluxions 1; e. which confifts of the 
Fluxion of each variable Quaqtity inultiplied 
into the other or Product of th? othiirs, as xy 
-f-^ or xyz-^xyz-^xyz 5 Multiply the flowing 
Quantities together, and their Redtangle is the 
Fluent fought. Thus the Fluent of xy-^xy^s 
Ary, the Fluent of xyz-\'XyZ'\'Xyz is xyz. 

99. RULE 4. To find the Fluent of a 

fluxional Expreflion which confifts of the 

Fluxion of any variable Quantity dr^wn into 

any Power of that Quantity, contained any 

Number of times, as 2x'*x j Stride put the flujc- 

ional Letter, increafe the Index of the Power 

of the variable Quantity by i, and divide the 

Coefficient by the Index thus increased) and it 

R 2 will 



1 24 j4ff iNtfeoDucTicm to ihe 

vrill be the Fluent fought. Thus the Flueot of 
2x*x is ja;', the Fluent of — — , /. e^ of — 

X 




x^x is — ^x^*+' divided by ^-i-a+i, /. ^^''^r^ 
x)r ^r" or — ^ and unircrfally the Fluent of 

X 

•-•X' it is K' orOT tfx'jf Js ■ ' ; 2 ^ ■ « 

100. RtJLE 5. To find the Fhic&t of a 
compounded fluxional Expremon like "TTZ^ i 

Throw the Expreffion into an Stofiiike Series 
(by Chap. 8.) and iind the Flaeht of thte ^Series 
by the foregoing Rules, and it Will be the Fte- 

b 

cnt fought Thus to find the Fluent ^f IX^^t 

I throw it into a Series, which (^Art. go.) is 

b . bx. . Av* . • bx\ , hx^ . ^ J * 
— X -xA rx T>^A r^&c. and then 

find the Fluent of this Series, which {Art. 

. . b bx^ , bx^ bx"" , bx' ^ 
100.) IS -a: 1 A r 1 4- — ,y &c., 

and this is the Fluent of "ni" ^ required. A- 

gain to find the Fluent of a:— x*)^ x the Ex- 
preflion muft be thrown into a Series, which 

{Art. 
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{^Art. 89) isxJx — \oAx — \xkx — -x^xkSc^ &c. 
and the Fluent ^f this Series {Art. 99.) is \x\ 
^x* — ^x\ — ^7^*, &c. which is the Flu- 
ent ofiv— xT*i required. 



S c H o 2.. } u M» 

10 1. This Chapter being only the Reverfe 
of the Second, we thought it needlefs to De* 
monftrate the Rules We delivered. But tho' 
we can find the Fluxion 6f any Fluent, be the 
variable Quantity ever fo touch 'ctfmpounded 
with invariable ones; yet the Fluent of fuch com- 
pounded fluxional Escpteilion, cannot always 
be had in finite Terms. And tho' no Fluent 
can have more than pne Fluxion, yet a Fluxi- 
on may have an infinite Number of Fbents; 
thus, for Example, the Fluent of x may be x 
oxxjra^ where a reprefents any invariable 
Quantity whatfoever : and to find ^, when it 
muft be added to, or taken firom, the Fluent at, 
is call'd correfting the Fluent ; but this, inge- 
ncral being very difficult to determine, we 
fhall carefully avoid, in the folio Wing Chapters 
the giving of Examples iii which the Fluents 
of the Fluxions need fuch Corredion. 



CHAP. 
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CHAP. X. 

Of finding the Length of a curve Line 4 

102. T N Curves referred to an Axis {Fig. 1.) 

X let BC be perpendicular to C A, be 

indefinitely near para^liel to B C, and B n 



Fig. I. 



Fig. 2; 




equal and parellel to Cc. And in Curves rc^ 
ferr'd to a fixt or central Pqint {Fig. 2.) let bA 
lip fuppos'd indefinitely near to BA, and the ^ 
little circular Arch B « be defcrib'd with the 
Radius AB. Put AC. {Fig. i.) ^x, CB==y, 
Curve AB=^2; J lin^=^\ nbz==^y\ B^^:^;': then 

(becaujCe 



Doctrine ^/'Fluxions. lajr 

(becaufe B b may be confidered as a little right 
Line) by 47 E. i. B 3===B«f+«^^, i. e. 2! 

t==FH^'^,i ov\Art. 3.) i=^^4^i Put 
the Ordinate A B {Fig. 2.) =y, Curve A B= 
2? 5 B;7=x/, «^==y', B^=:«': Then (be. 
caufe B b may be confidered as an indefinitely 
finall right Line, and B /? as a little right Line 
perpendicular to A b) as before 5;'-=:Ar'»+j^'»]* 
or zz=ix* '\-y'']i and this is a general Expreflion 
for the Fluxion of any curve Line whatfoever*. 
Now by help of the Equation of the given 
Curve we may find the value of x^ in Terms 
of ^% or of y* in Terms of ;v* ; by which x* or 
jf in this general Expreflion may be extermi- 
nated 5 and then if we find the Fluent of this 
we fhall have 2?, or a definitive Expreflion for 
the Length of the Curve Line required. 

Example f. 
103. To find the Length of the Curve GB: 



j^, whofe Equation (putting the given Line AG 
, AC=Ar, CB==y,) is 2 x tf*-|-;cil =3^l> 



The Fluxion of this Equation [Art. 13.) is 
3 X ^*+ a:*H X 2a:x: = "T^a^y , therefore y = 



».!.x 



—T-*^ +^ »^ and V = — r-^ +^ 



4^ X 



Is8 u4k iNTJlQiDUCTlON' /O /i& 

4it*Jr*x,+4**t. wixch fubftitutcd foi-^* in the 



,4 / 



givieral floxlonial Expceffioa gives isspi*-{-j(L*li 



^/V+^^'^'^'-f^^'^'l^ tf,V4-**?'^ 



4^ 



i*' 



:thc 




Fluxion of the Curve G B, whofc Flacnt, by 

\Art. 90. ia 5??=5? ^ ; '^ - ^ - ot x-| — ; =?= the 
Length of the Curve G B required* 

Example IL 
1 04* T^ofind the J^engtb of the em^on Cykid^ 




Put 
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Par E A or E F, the Radius of the gene- 
rating Circle =ri/, Abfcifs A C=jc, Ordinate 
C B z=:^, C G = J, and A B = z^ then (as i»ay 

. be found in j4rt. 45.) y=z > — x and there- 



fore^*= — ^ — 'X^, which fubftituted forj^* 

gives the general Expreffion for the Fluxion of 
the^ Curve {jirt. 102.) z = P^^^ =t 

.^ , 2a— xV .Ji s^x^+4a^x^—4axx^+x^x']i 

X -j ; X 



s^ I 



s^ 



i. e. (becaufe by the Property of Circles GCl* 
=A C X C F or J* = 2ax — x*) z = 

AlZ X -^2aXX * 2^7A: Ir yx 

3^ — -y =: == 2a, ^ X x-i X ;^, 

2^Ar — X y X \ 

and the Fluent of this, by yfrt. 99. is 2; = zali 
X 2a:5: = 2 X 2ax^ = twice the Chord A G 
(for the Triangles FAG and GAC being Simi- 
lar, FA: AG:: GA: AC, orFAxAC[i = 
AG, /. e. 20x^^1=1 AG.) Whence the Length 

of the Semi-Cycloid A D, is equal to twice the 
Diameter A F of its generating Circle. 
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C H A P. XI. 

Ofjinding the Areas of Curve-lined Spaces. 

105* TNCurvcsAB referred to an Axis {Fig. i. 
X laft Chap.) let be ht conceived in- 
definitely near and parallel to the perpendicu- 
lar Ordinate B C, and B n equal ahd patrallel to 
C^; then, bccaufe bn bears no affignable Ra- 
tio to B C, be. may be .'taken * as equal to B C 
or n ey And the Trapea^mm- BC eb as equal to 
the Parallelogram BCa?^^ But B C eb is the 
Moment or Increment of the curvilineal Space 
AB,C /• e. if we piit hCz:^^ CB==:j^ Ce:=szXy 
the Mopaent or Increment of the Space ABC 
is =^yx\ and therefore its Fluxion {Art 3.) is 

106. In like manner In Spirals or Curves re- 
ferred to a fixt or central Point, let ^ A be con- 
ceived indifinitely near to BA {Fig. 2. lafl 
Chap.) and Bn perpendicular to 3A; then, bn 
having lefs than any affignable Ratio to n A, 
BAn may be cpnfidered as equal to B A ^ the 
Moment or Increment of the curvilineal Space 
BDA, /.^.ifwe put AB=j^ and B// = a:'; 
the Moment or Increment of the Space A D B 
will be zziyx', or its Fluxion (that is, the Ve- 
locity 
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locity with which it flows at the Point B) = 

107. Wherefore, when the Curve is referr'd 
to an Axis, find the Value of y in Terms of x 
by the help of the Equation of the given Curve, 
which multi|:ily by x 5 then the Fluent of this 
fluxional JE|:|{jpreifion being found, will give the 
Area of the^ curviliiie^ Space B A C B required 
(fee Fig, !• laft Chap.) And when the Curve 
is referred, to a central Point A, find the Value 
of X in Terms of 7, whkh may be done by 
help of the Equation of the given Curve, then 
ipultiply this Value of x by ^y and find the 
Fluent, and it will give the Area of the Space 
B D A B required (fee Fig. 2. laft Chap.) 



: 

■I 

i 



Ex AMPLE I. 

ip8. To find the Area of the common cr apoU 
hnian parabolic Space A D £ A ; where A E 
is given = a^ and E D =^^ 



P 



A 



c 



D 



«••■" "•-• 




• 

! 

S 


y^ • 


1 


• 




■ 


1 / 

m 


• 


• 



E 



Pu 
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Put AC = ;c, CB=y^ and the Parameter 
zzzp ; then by the Nature of the Curve px=y* 
or y==px\^=pixiy which drawn into x isyx=: 
plxi, and the Fluent of this {Art, 99.) is \pixi 
i. €. y/w^i^ or (by writing y^ for/x,) fx*j^*i^or 
^xy which {Art. 107.) is = the Area of tlie in- 
determinate Space ABC A; therefore, by 
fubftituting a for x and b for ^, we have ^ab 
== the Area fought. ^ 

Corollary. 

The Area of every common or apolloniaa 
parabolic Space A D E A, is always equal to 
two-third Parts of its circumfcribing Parallelo- 
gram A PDE. 

Example II. 

109. To find the j^ea of the Jpiral Space 
ADBCA 2/^ Archimedes, 

Put the Circumference of the generating 
Circle C I G C = /?, and its Radius A C or AG 
— b^ Ordinate A B -y^ Arch C I G = 5; j let 
A ^ be fuppos'd indefinitely near to A G, and 
with the Ordinate A B as a Radius the little 
circular Arch B « be defcribed, /. <?. let B « = 
x\ nb^y and Gg — z\ Now, by the Na-^ 
ture of the Generation of the Curve, b\ awy 
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I 



: 2?, /. e. z=: J- in Fluxions z=z -^ , but by 

the fimilar Seftors or Triangles AB;^ and AGg-, 

, , . f bx* . bx bx 

y \ x' i: b \ z\ t. e. z=z — or- z=: — •.• — 

y y y 

= -J- and ;c=: -~ \vhich multiplied by ^y 
gives 7yx=:-^~7-,whofc Fluent (j4rf. qg.) is 

^, and (Art. loj.) = the Area of the Space 

ADBA, wherefore by fubftituting b forj, 
we have ^^^ = the fpiral Space required. 

CoROLLrARY. 

The Area of the fpiral S^^ctoi Archimedes^ 
is = one third Part of the generating Circle. 

CHAP. 



1^4 -^ Introduction to the 

CHAP. XII. 

Of finding the convex Superficies of Solids. 

no. T ET the Solid ACBEDF be con- 

I J ceived to be generated by the fuper- 

ficialFig. ACB revqlving above A C as ai? 




Axis ; then the Velocity with which its con- 
vex Superficies flow, will be equal to the Ve« 
locity with which the Curve A G in its De- 
fcription flowed at the Point B> drawn into the 
Periphery of the Circle B E D F B defcribed 
by the Radius C B, that is, the Fluxion of 
the convex Superficies of the Solid, is equal to 
the Fluxion of the Curve at the Point B drawn 
into the Periphery of a Circle whofe Radius is 
CB./' 

Ill, Hence 
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ni. Hence, if we put AC sat, CB=^, 
Curve A B = ;k, and r=:.2 x 3 •1416= the Cir- 
cumference of a Circle whofe Radius is i, thea 
cy will be equal to the Circumference of the 
Circle defcribed by C B^ and [^Art. 102.) the 

Fluxion of the Curve 4j=::^*-|"7*1^ 5 and the ge- 
neral Expfdffipn for the Fluxion of the convex 
Superficies of any Solid will be =icy% or cyx 



iMMhMk 



x^fy\^; put of which, by help of the Equa- 
tion of the givro^ Curve AB, x* orj^*, &c. 
may be exterminated, and then the Fluent is 
found ; which will give the Area of the con- 
vex Superficies required. _ 

Example I. 

tr2. To find the Superficies of d sphere ^ or^ 
the convex Superficies of any Segment of It. 




PtJT Radius E A or E B =^, A C = at, CB 



i 
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. A B = 2? : Let ^n — Cc exprcfs the vety firft 
Moment of the Increafe of AC, nb of CB, B^ 
of A B, i. e. let B » = x\ nb^ y\ and B hz=:%\ 
then B h being confidered as a little right Line 
coinciding with a Tangent to the Point B, 

• the Triangles EC B and ' ^ « B 'will be alike 
(for z. C B »=: iL E B ^= a right Angle, there- 
fore, z.EB« being common, z.CBE=3 

. Z. « B ^ ; and the Angles at C and n being 

. right, the Angles C E B and ^bn muft be like 
Wife equal, ergo^ ficc.) Wherefore E B : B C 



ax^ 



I : bB : B n. i. e. a : y : : z' : x^ r. z!z=l — or 

y 

nx 

(Art. "7^.) z:=± — , which . fubftituted for z^ 

* gives the general Exprcfllon for the Fluxion of 
the convex Superficies cyz (Art. in.) = cy x 

"HX 

^ — =icax. whofe Fluent is cax = the convex 

y 

Superficies of the Segmient A C B D : And if 
for X be fubftituted za^ we have 2ftf * = the 

Superficies of the whole Sphere* 

« 

Corollaries. 

I. The convex Superficies of any Segmeht 

of a Sphere, is equal to the Periphery of a 

great Circle of that Sphere multiplied into the 

Altitude of the Segment. 

a. The 
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2. The whole Surface or Superficies of any 
Sphere, is equal to the Periphery of its grcatelt 
Circle multiplied into its Diameter. 

E X A M 1* t E II. 



» • 



113. To find the concave Superficies of the 
right Cone A I) E, ivbofe Altitude A L is given 
isr tf, and Bafe diameter D E =£ A 

A 




PtJT AC = ^, CB-y. By Site. As AL 
: L D : : A C : C B, i.e. a: j-b '.:x:y\- x=: 



--J- which put into Fluxions is x. 



^^y . \ t^ 



X 



A'Z 



/Lay 

= #> which fubftituted for x^ in the gene- 
ral Expreflion for the Fluxion of the convex 
Sup erficies, giv es cy x x^+j^*!* (^r/. in.) =- 

=7- X j^^-^b^'Y yy y whofe 

T Fluent 



.a •» 



O' X ^+j/* 
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FJuent is ^ X 4!^^ y*= ^ x V>,\b\h 

= (becaufc- A D==ALf+L5f^=r?+p^i) 
-^ X A D =3: the convex Superficies of the 

-Cone ABG generated by the plain Figure 
A e B i and by fubftituting i ^ for ^ we have 
^f^xDA=7the convex Superficies of the 
ConcADE. 

Corollary. 

The convex Superficies of any right Cone, 
is equal to half the Circurtifefence of its Bafe 
multiplied into it? flant Height. 

CHAP. XIII. 

Of finding the Contents of Solids. 

A 14. .T - ET bcht conceived ind^fimtely near 
.jL/ and parallel tp the variable Ordi- 
nate BC ^ and B » equal and parallel to C d 
the Increment of ihe variable Abfcifs AC; 
then, becaufe the little. Parallelogram B C r n 
is expf eflive of the Increment of the plain Fig* 
:A.C B (Jrf. JQ^.) therefore, if a Solid AEDF 
be conceived to be generated by the Revoluti- 
of the curvilineal plane Fig. A E D round the 

Axis A E, the indefinitely little Cylinder gene- 

jrated 



/ 



1 
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A 




rated by the fai4 little Parallelogram will ex- 
prcfs the Moment or Increment of the Solid at 
B 5 and, becauie this Moment or Increment is 
equal to the Area of the Circle defcribed by 
the Ordinate C B drawn into the Increment of 
the Abfcifs A C ; therefore the Fluxion of the 
Solid at B, is equal to the Area of a Circle 
whofe Radius is C B drawn into the Fluxion 
of the, Abfcifs AC; which, if we put 
AC=x, CB=7, and c=3.i4i6= the Area 
of a Qrcle whofe Radius is i, is = ry*^ : 
And this is a general Expreffion for the Fluxi- 
on of any Solid A E D F at any Point B what- 
foever ; out , of which, by help of the Equati- 
on of the given Curve A B, either x or ^* may 
be exterminated, and then the Fluent found^ 

which 
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which will give the Content of the Solid ge- 
nerated by A C B and then if for x or ^ wc 
fubftitute the Value of A E or ED we fliall 
have the Content of the Solid A E D F re«^ 
quired^ as in the following Examples. 

Example J, 

1 1 5. 7i? find the Content of a Sphere or any 
Segment oj it. 

PutAC=;^, CB=;r, Diameter A R=tf, 
(fee Fig. 2. in the laft Chap.) then by the Pro- 
perty of Circles A C x C R = CB]*, /. e. ax — 
x^=iy^. Now by fubftituting dx — x^ for j^* in 
the general Expreflion for the Fluxion of the 
Solid Content we hzvtcy^x [Art. 1 14.) =zcx x 



cax 



r 



(IX — x^zzzcaxx'^cx'^x^ whofe Fluent is 

2 



ex* yax — 2CX 



^ — ^ — = the Content of the Seg- 
ment A C B D : and if a be fubftituted for x 



we fliall have ^ — 2 = i"^^' = ^^^^ Con* 

6 

tent of the whole Sphere A B R D. Hence, 

becaufe four times the Area of a great Circle of 

(he Sphere is z=Lca'^y and the Content of the 

Cylinder circumfcribing the Sphere is =:^c^', 

we have the folio wiflg 

C O R-si 
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Corollary. 

• The Content of any Sphere Is equal to four 

Times the Area of its greateft Circle multiplied • 

into f ^ Part of its Axis 5 or equal to two-third 

Parts of its circumfcribing Cylinder. 

> 

E X A M P L E IL 

116. T^o find the Content of the Parabolic 
Conoid A E D F generated by the Apollonian or 
common Semi^-Paraboja A E D revolving round 
the Axis A E 3 where A E=^, 




Put the Parameter P R, which paflesthro* 
the Focus F of the Parabola z=za ; Abfcifs AC 
==:a? 5 and Ordinate C B=y ; then by the Na, 
tore ofthe Parabola ax=y\ Now by fubfti- 
tuting ax for^* we ihall have the general Ex- 
preflion for the Fluxion of the Solid cy^x {Art. 
lJ/^.):=.ca'xxy whofe Fluent is \cax^ z=z (by 

writing 
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writing;^ for aic) -^cxy^^i the Content of the 
Parabolic Conoid generated by the Semi-Para- 
bola A C B) and by fubfHtuting ^ for at and J 
for y, we have f r^^* =5 the Content of the 
Conoid required* 

Corollary. 

The Content of every common Parabolic 
Conoid is equal to f of its circumfcribing Cy- 
linder. 

Example III. 

117. I'o find the Content of any Cone wbofe 
Bafe is a Circle. 








Pitt the given Altitude A hzzza^ Bafe-Dia- 
meter D F=r^, let B G be parallel to D L and 
put A C=;f, and ^=.7854 then, by Siip. As 

AL: DF : : AC : BG, i.e. a \b\\x\ — ^ 

' a 

:BG 
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:BO therefore the Area of the Circle BG 



— X r= — — which multiplied by x {Art. 
an 

114.) is r — — = the Fluxion of the Content 
^' a 

of the Cone at B. whofc Fluent is — ;-= the 

folid Content of the Cone A B G j and by fub- 

ftituting a for x we have — j-=7r^V=thc 

Content of the Cone A D F required. 

Corollary. 

The foli4 Content of any Cone whofe Bafe 
is a Circle, is equal to the Area of its Bafe 
multiplied into f of its perpendicular Altitude* 



CHAP. XIV. 

^ome Mifcelkneous ^tfejiions with theif: Anfwersi 

I. 

THERE is a cylindrical Tube, whofe 
Diameter is four Inches, in which is 
contained 1 8 cubic Inches of Water : Now 
fuppofing a heavy Sphere, whofc Axis is two 
Inches, to be thrown into this Tube ; 'tis re* 
quired to find what Part of the faid Sphere will 

be 
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be immerfed in the Water, and the Altitude 
of thb Segment above the Sutface of it. 

Solution. 

Put D C the Diameter of the Sphere ::±2— 
a j and E C that Part of it which is = the Al- 
titude of the Water after the Sphere is thrown 




into it = AT J A B the Diameter of the Tube — 
4 = ^ ; the Content of the Water in the Tube 
tt i8 = t: ; and .7854 =/! Then E T>z±:a-^ 
Xy and by the Property of Circles D E x E C 

=E G| , /. e. ax — x*= the ^ of the Radius 
of the Plane of the Seftipn of the Sphere • 
therefore the Area of this Plane is = /^,fax — 
A-f^^ which multiplied into x is /^faxx — 4fx*x 
'== the Fluxion of the Segment of jhe Sphere 
under the Water, whofe Fluent is zfax^ — 
f/x^+r=: the Content of the Cylinder ABHF 
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/5*x, by Tranfpofitlon fA*— zfax*-\-fb*» 
=:f and by dividing both Sides of this E^ 
quation by f /" we have x'— |-tfx*-|-4^*^ 

-=^^=17.18860. whence x is found = 

i .76=3 E, and tf^-x=o.24=zE D the Alti- 
tude of the Segment above the Water. ^ J£. /. 

II. 

Given A B, A C, and B D. ^are the Ra- 
tio cfthe Angles h E C tf»i B E D, when C E 
4-E D is a Minimum ? 




G 



/..• 



..^ 



Solution. 

It is evident that the Fluxions of the Lines 
CE and DEare Negative to each other, and 
becaufc^the Sum of thcfe Fluxions is = o, there- 
fore they are equal to each other, or, bccaufe 
the Increment may be taken for the Fluxion^ 
if e be conceived indefinitely near to E, then 
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9 e=o E and confeq. JLo'E ez^/.ve'E, i. e, the 
Angles DEB and CEA are in the Ratio of E- 

quality. ^ £. h 

Or, by a plain geometrical Way of Reafon- 

jng, thus. Produce C A to G, making 

AG = AC; then will GE = EC, and z. AEG 
= A AEC : But the Sum of GE and ED is the 
leaft poflible when they are in the f^me Direfti- 
on, i.e. when z.AEG= Z.BED, as is evi- 
dent on the leaft Confideration j therefore, 
when CE-fED is a Minimum^, the Angles 
A E C and B E D are equal. 

III. 

^are the greatejl equilateral Triangle that 
can he infcribed in a fcalene Triangle whofe 
Sides are 4, 7, and 10? 

Solution. 

As the Angles pf an equilateral Triangle are 
60° each, it is plain that the extreme Point of 

either of its Angles cannot fall in with the ex- 
treme Point of either of the Angles of the giveij 




A. 



PNK E 



Triangle . 



B 
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Triangle except the largeft, w'^r. ths z. A C B. 
Let CDE then be the greateft, and put its 
Side C D=:j, let drop the Perpendicular C P 5 

then by 13 £. 2. A P=== r-— — -r^g !- 

=3-35 ; and by 47 £. i. ACl — AP)*=Pc!)* 

=CS]*~DP]% /. e. AC1*^AP7=/— 1^* or 
3.7775==^^% 'whence 5=2.244. ^£. /. 

N. B. In Order to prove that the Triangle 
C E D is the greateft Equilateral that can be 
infcribed, from the Points D and E ere6t the 
Perpendiculars DF and EG equal to PC, and 
draw the Line FG ; then will the Triangle 
CDE be =f the Parallelogram D FG E. Let 
another Triangle be drawn, which, if it be 
within the Parallelogram as H I N, 'tis plain it 
cannot be =7 the Parallelogram, becaufe it 
hath no Side coincident therewith; and if it be 
without and have one Side coincident with one 
Side of the given Triangle as C L K, neither 
then can it be r=: ~ the Parallelogram ; for if 

fo, C K would be = C E, and as CE j*— EP * 

=CNl*— KPl\ then fubtrafting CK]*=CE^r 
from the Equation, PT)*=:^PE]* or PK=PE 
which is impoffible, therefore CDE is the 
greateft Equilateral that can be infcribed. 
^ E. D. 

fiuppofc 
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IV. 



Suppoft the Sides of a Pair ofBeUvaos to he 
two equal Grcles : Required the Inclination of 
Planes ivben they contain the great eji ^antity 
of jilir. 

Solution. 



a.^«««sss«« 




Let A C and B C be the two Sides, and C 

the CentCF on which they turn. Now it is 

plain that if A C be moved up from B C the 

Point A will defcribe an Arch of a Circle BL A, 

and the Chord of that Arch A B will be the 

Side of the Solid formed by the Bellows fo'ex- 

tended: Let us fuppofe this Solid cut by a 

plane Perpendicular to A B ; then becaufe the 

Diameter AC is contradted into the Cofine DC 

■ while 
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while the normal Diameter E F continues al- 
ways in a parallel Situation, and therefore is 
not at all diminiflied ; it follows that the Plane 
of that Section will be an Ellipfis ; And as ths 
Parts A C D and B C D are equal, if we con- 
ceive the upper Part A CD to be moved 
round into the Situation <? C D, it will form an 
oblique Cylinder i^CBDj and confequently 
the Content will be greateft when the Altitude 
is fo, /. e. when the Sides of the Bellows arc 
normal to each other, ^ E. I. 

V. 

Square the Nature of the Curve A P B, fup^ 
pofing C E the Difiance of the parallel Line$ 




ACandFE, as alfo the Jngle CAD, to h 
given, and CE]" x CdV=CB!''+* ? 

So- 



I 
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Solution. 

Put CE=tf, CD = 2;, Abfcifs ACrrjf, 
Ordinate C B = ^. Let dc be conceived inde- 
finitely near and parallel to D C ; and D m^ 
B n^ equal and parallel to C r ; and put n b=L 
y\ m dz=:z! ; and fuppofe B T a Tangent to 
the Curve at the Point B. Then D C : C A : : 

dm : mdy i.e. z : x :: z' : — = Dm or Bn : 

z 

xz' 
And ^;^ : « B : : B C : C T, /. r. y' : — : : y : 

'^ z '^ 

-^ =:C Tj oTjfubftituting the Fluxion for the 

x^z 
Increments, -A-== CT. But by the Queftion 

zy 

nTz'^zTzf^^ which ill Fluxions \%na^z'^'^^z = 

mA-nf+^^y. •/ zz^ — ' — - — —^^ and this 

• 

fubftituted for z in -~ gives C T = 

zy ° 

■l^ife± = (Ucaafe ■^^=,,) ^+^x. 

noTz'' ' ^ a^z"" n 

Now this is a|i univerfal Expreffion for the 
Subtangent of all poflible Parabolas ; therefore 
when m =^n — i, the fubtangent will be 2^, 
and the Curve the common or Apollonian Pa- 
rabola. ^E. I. 

me, 
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Note J Tho' this univerfal Expreflion for, the 
Siibtangent, feems to differ from that found in 
jirt. 39. yet it will be found to exprefs the very 
fame thing, if we ponfider that the Parameter 
drawn into y, in the Equation of the Curve 

m 

there, is equal to a^z here, for then, m 

there, will be equal to ■■■ — here. 

^ n 



VI. 

In the Curve ABD, wbofe Property (put-^ 
ing AC = a:, CB = j^, and a — a given Line J 
is ax — ay^==x^ -^-y* y required the Radius of 
Curvature for any Point ; and a geometrical 
ConfiruSNon to illujlrate and confirm the Work. 




Solution* . 

The Fluxion of the given Equation of the 

Curve^ 
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Curve, making jc = i, is a — ny = ^X'i^Vy* 
and this fluxional Equation put into Fluxions 
again, the Fluxion oiy being Negative, is tfjr . 

~ ^-^T.y—iyy. Hence we have j^zs? ^ ^^» 
fttbftituting' for y* its equal, y == 

Queft. 8**+^/=8tfx— 8tfr,, >=:=^^. 

Now by (ubflicuting for y* and y^ theie thdr 
Values, in the general Expreffion for the Ra- 
dius of Curvature, which was found jirt. 04,3= 

Lj^-If when x= I, and the Fluxion ofy Ne- 

y • 

f 2a -\-4-ay4-4y* — 4.ax-hAp]i 
gative ; we have ^ ^ ^ ^ ^^ .-^ — i-^— 



a-\-2y] 

X — —-^ == (becaufc 4^ 4'4y*5=4^^ — ^4^^>) 

the Radius of Curvature for any Point requir- 
ed, which being a fixt or invariable Quantity, 
proves the Curve to be a Circle, 

Now, if the Radius of a Circle be -=-j^ 'tis 

evident 
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tvidcnt that a is the Side of the infcribed 
$qugre, Or the Chord of 90'' ia$ AD ; There- 
fore, if A D be bii^fted jn F^ and the Peiv 

pendjculv F E drawn ?= A F ~,Tt^ ; then th(f 
Point E will fciU in the Ce nter of the C ircle^ 

and confequendy A E (=iFf+FAff ) ==i 



a 



•=:rr. And that x in the given Equation nduft 
2I* 

flow in this Linej may be thusi detnonfErated i 
To any Point C draw B G perpfendicular, and 
let it be produced dll it meet the Circle's Pe« 
riphcry in G, and let H I be drawn parallel 
and equal to A D, then 't|s evident that GK= 
AH=AD, by Conftru<ftian • andKG==CB, 
becaufe AC=HK and AB:=:HG} there-, 
fore CG=AD+CB: But by a Property of 
Circles A C x C D=:B C x C G, /. e. (putting 

AD=iiy ACm*, CB=7,) X X a — x=y x a-j-y 

Fr<Mn the CohftruAioh hfere given, it ^^ 
j>ears that the Queflion may be infinitely 
diver ftficid, fo as to be adapted to any regular 
Polygon of an even Number of Sides that can 
be infcribted in a Circle, ■ We iee here alfo at 
Demonflration of the Juilnefs of the floxional 
Calculus, as made ufe of above. 



X if 
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vn. 

If a Semicircle A B, be rolled along upon a 
right Line B D, untill it meafure out a Line 
equal to its Circumference j then, the Curve 




AD, defcribM by the Point A, being the comr^ 

mon Semicycloid ; I fay the Curve E I, de* 

feribed by the Point E taken without the 

Circle, will be the CJontradted or Curtate Semi* 

Cycloid > and the Curvp F K, dcfcribed by the 

Point F taken mtbin, the Circle, will be the 

Infield Semicycloid. Quaere the Demonflra- 

tion? , 

Demonstration. 

V 

As all the Cycloids^ properly fpeaking, are 

gene-* 
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generated by the Revolution of one and the 
fame Circle A B ; To therefore their Bafes will 
be all equal to B D, inz. = the Semicircle AB. 
Let the Generant move on till it come in the 
Pofition ab thro' the defcribing Points j, e^f^ 
draw the Ordidates ma^ ne^ pfy and draw LS 
parallel and equal to £ G ; then, becaufe the 
correfponding Ordinatcs in the Circle are re- 
fpeftively.. equal, it is evident that the Dif* 
tanees from the Extremities of thefe Ordinatcs 
to the correfpondent Points in the Curves will 
be all equal to the Diftance moved over by the 
compion Center C, that |s, %a^:=:o ez=rf^ and 
this alfo is =rB R= Arch bKhy the Genera- 
tion. Now the Seders hce and Scg^ or Qr/ 
and Vcb are equal and Similar, and Similar to 
to the cquil Seftors Nr^ and Kcb. There- 
fore, eg : cb :i ^ S : ^ R, or (if we put . the 
Semicircle egzsza^ Semicircle ^ ^ or Bafe B D 
=:^,) as /? \b\\ Arch g S : Arch ^ R : : E ^ : 
(B R) oe^ i. e. Semicircle EG:GI::E£?:c?^, 
wherefore E^I is the Curtate Semicycloid. 
And ch : cb : hV : ^R or (if we put Semi- 
.circle jhz=za^ and Semicircle ^^ or Bafe B D 
=.b,) z% aib:ih? :bK:: Fr : (BR) r/, 
i. e. Semicircle F H : H K : : Fr ; r/, where- 
fore the Curve F/K is the infleded Semi- 
<:ycloid. ^ E. D. 

QufEre 
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vm. 

1 

^are the . Content of the cylindrical Rin^ 

,/VBDG ? the kadiui C A d/ the inner Cir^ 
0mfer€nce being given =tf j and AD tb^Diqr 
^efer of the Ring, or generating Circle^ =:6. 





put dny Arch LA = Ar; .7154=;^; 
pofc Q d indefinitely near to C D j and draw 
^he concentric Circle B G, making AB=:BD 
p=7^ : Then may D^, B^, A^, be confi- 
dered as indefinitely fmall right Lines 1 and 
therefore the Moment of the Ring will be e- 
qual to the Area of the Circle A B D drawn 
into the Increment hk Now CA : A^ : : CB 

: P h [i, e.) a\ x' ;: a-^-^b : x'-^ 



2a 



:B^; 



and the Area of the Circle A Di=;^ V : there- 
fore the Moment of the H-ing is = ^ V x 

flr'-f----? =iJV;f '-j — ;;^ or itsFlvixion=^V^-f: 



H 



?<« 



^'f^ 
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•— ^— , and the Fluent pf this is hi" ex A — -^ =3 



L 

I -j X i'^cx = thp Content of the liinjg icottt 

L to' A ) and by jfubftituting Sm fdr x, we 

liave the Content of the whple Ring =1*+--- - 

X 8tf*V*i£:the Area of the generating Circle 
AD drawn into the Circutiqfference of thjft 
|>rickt Circle B p. ^E.L 

IX, 

Suppofe the Earth to revolve in a circular^ 
Orbit round the Sun as its Center ^ and the MooH 
fo revolve round the Earth in the fame Manner \ 
as aljo that the Planes of their Orbits do coincide i 
and that the Diameters of the faid Orbit f an 
fis 24^0 to 1 ; and lajily^ that the Mcon performs 
J 3.368 Revolutions to every Jingle Revolution of 
the Earth, ^are the Nature and Defcription 
ff the Curve generated by the Center of the Moonf 

rSee the Gentleman^t Magazine fer Seftemtfr 1743, an^ 
the SufpUment for that Year. 

Solution* 

vLct S reprefent the Sun j E the Earth ; E ^^ 
th Arch of the Orbit of the Earth pafled over 
]>y its Center in one Lunation of the Moon j 

the 
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the Grcumference of the Circle £ A B =,the 
cohceotric Arch Ka\ Then (becaufe 13.568 
—1=^12.368 is = the Number of Lunations 
in a Year, or one Revolution of the Earth,) 
when the Moon \% in Conjundion with . thi^ 
Sun, the Diftance between the Sun and Moon, 
will be greater than the Diftance or Radius 
S A. Now the Curve defcribed by the Center 
of the Moon^ is the fame as that defcribed by 
a Point M (£ M being the Scmidiaipeter of 
the Moon's Orbit) carried round by the Rota- 
tion oi the Circle E A 6 on the Arch A i? ; it 
is therefore of the cycloidal Kind, having a 
Point of contrary Flexure, if a Cycloid de- 
fcribed by any Point within the generating 
Circle has a Point of Inflexion as well upon 
a circular as upon a re&ilinear Bafe. In Order 
to determine which, put SAorStf = 47, EA 
Qxea — h; EM oxem — c^ andtfw = r, and 
tf G = J 5 and let fn C be ^he Radius of Curva- 
ture at any Point w, and nQ indefinitely near 
it \ and let ac^ aCy be the indefinitely fmall 
contemporary Arches with mn^ and confe* 
quently the Triangles amc and anc equal in 
all refpedls, and the l^man^A.cac =. (be^ 
' fraufe the Angles ^^ c and Sac added to either 
Side of the Equation makes it 2 right Angles^) 
/UaeC'\'j^aSc. Now as S a; e(i:i /^aec 



M- 



r6d t)octRi**E dfpLvxiom. 

'jLaSc ; and Stf (a) : Sa-^ae (tf+^) : : jLdec 

: JLaec^jLaSc, or Lntantzt — -^L.aeci A- 

gain, in any Triangle as Gmc:^ if the Anglc$ 
^Gr, mcG^ and iz/;7^ the Complement of the 
obtufe Angle to 2 right Angles, be indefinitely 
fmall, they tre proportional to the oppofite 
Sides mc^ mO, and Oc^ (/. e. ) as G^ : mG : 2 
J^amc : A.mcQf and Gc—mGy or /»/j (r) : 
Gr (j) : : l.mc—jLmcGz=zL.aGc or f 4.^^c 

: z, iimc or Z <7;ir= — jl aeci and again ii 



i iLdnc (= — ii^^r) : : ari (r) : dC =3 
' 2^r+2A- =^ Confequfently /^^+aC^;«C== 
2tfr+2^r^. ^" ^; =^ *he Raditts of 

Curvitufe 9f the Point m. ^ow as this Ex- 
preffion for t!^e Rjfidius of Ciy vature muft be- 
tome Negati\ne on the other' Side. of the' Point 

of Infldftioh J y- muft be /more than 



as 



on one Side of* the faid Point, and lefs on the 



as 



e>ther,and in thatPomt of Inflexion r= — i — 7 
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And thtTtforcGmxma{ z=irs—r* ) =i 

f^ =^ (by the Property of Circles) bm' 



X md=J,*-^% and .= -Jl-^^—^ ; Or 
to find r fay 2^r-|-2^r==:tfx, then G/« x md (= 
rj — ^r*) = and (becaufc Gm x md — 



bmxmd) ^^^c\ therefore r=^ ab^—ac 



a+2b • 

when the Point m falls in the Point of Inflexi- 
on ; but zs ma (r) muft always be greater than 

md^ that is; as ^ muft always be 

^ tf+2^ ■ 

greater than b — r, fo therefore {e m) c muft be 

b^ . 
always greater than — r-r in order to a Point of 

Inflexions taking Place in the Curve. Now^ 
a^ ^/and r, being as 12.368^ i, and — ^^ — 

or 0.0391 1, therefore —T-7 is greater than c\ 

confequently the Curve Mm fji generated by 
the Center of the Moon has not a Point of 
contrary Flexure, or is no where Convex to- 
wards the Sun. ^E. I. 

Corollaries. 

U Whcnr = j, that is, when the Vdmtm 

Y co5u- 
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coincides with d^ the Radius of Curvature 



willbp 



^ar -^-ihr^ a4-i . • 

=5 ff-7 — or — r~72r, and aC=: 

--— T-r, by Analogy ^+2,^ ; a : : r 5 n C, thit 

is SB : S A :: /;74J : ^aiC. 

^. When tf is infinite and r=:j, that is, 
when the Bafe becomes a right Line, and ^he 
Point m coincides wj^h 4^ of the Curve is th^ 
conampri Cycloid ; the Radius of Curvature 
will be =z^ri For then 2^r*and 2^rwill be 
infinitely little in comparifqnpf 2ar* an^-^r, 
and therefore may be rejefted. 

3, Whep a is infinite, that is, when the Bafe 
fiegpnerates ipto a right Line, or the Curve is 
the common Inflcdled or Interior Cycloid, as in 



• • 




£t iff-' -•^ y .-- ' 

CI 

the ajineyed Fig. if the Tangent ^g be drawn, 
the Point of Infledion will be in the Line g m 
parallel tp the Bafej that is, ifAMbeper^ 
pendicular to MB, when the Point A comes 
io the Bafe, the Poipt M will be in the Point 
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of Inflexion. For when the Point m is in thd 
Line g m, it is evident that a tfi will be equal to 
B^, and the Triangles B^E snd dme, equal in 
every refpedj and, becaufe the Tahgent to a 
Circle is perpfendiciilar to the Radius, thd 
JLame= a right Angle; wherefore, by ^.fE.u 
fTY^ ^*=^*' t^2t is, ( if m be the 
Point of Infleaion, and hot other Wife,) i'^g* 

but 2^ being infinitely little in refpeft of a. 
therefore j-rt is infinitely near to Bqua% 
with -, Le.s=:i j ergo, $cc4 

f7i^<? Jf/»AffO« ^ ihe HyperboUc Logarithm of^ 
any ^antity, is equal to ihe Fluxion of that 
^antiiy divided by the ^Ontity itfelfi ^are 
the Demon/lration f (See jirt. j/^.J 

4 

Solution^ 

let D ABC bean Hyperbola,' tvhofc Afi 
iymptotcs are CE and CH, and its Parameter' 
A P, which by a Property of the Curve is = 
PC. Now.if APorPGbemade=i, and 
G B pr H C drawn parallel to PA j then the 

Spac« 



r 
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Space PA BG .will be the hyperbolic Loga- 
rithm of C GVand the Space PACH the hy- 
perbolic Logarithm of C H ; or the Space 

CH 

G B C H the hyperbolic Logarithm of -^r?^ : 

For by the Property of the Curve when C P, 
C G> C H, &c. are in geometrical Proportion 
continued, the Spaces PABG and GBCH, 
&c. will be equal; that is, the Spaces PABG, 
PACH, &c. will be in arithmetfcal Progrefli- 
on. So that the Fluxion of the Space PA BG 
is the Fluxion of the hyperbolic Logarithm of 
C G : Now the Fluxion of. this Space, putting 
PG-j-^artdGB, perpendicular to G C=ry, is 
'zzzxy hy Art. 105. but by the Nature of the 
Curve CG : C P : : PA : GB, i.e. i^x : 1 :: 



1 :y: 



- wherefore 



X 



the Fluxion 



of the Jiyperbollc Logarithm of i-^at^ But 

the 



II ■■l«lH|«| ■ 
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ithe Fuxion of i -{-x dhrlded by i -\-x is like-*. 

X 

wife = —7—, or the Fluxion of the Space 

PABG, is equal to the Fluxion of C G divid- 
ed by C G itfelf. ^E,D, 

XI. 

Given the Point P in the Radius C A of the 
given Circle AB, &c. ^are the Pant B, to 
which a Tangent TB and right Line P B heing 
draimty the jingk PBT may be a ^£mmum or 
tbeleajipoffibk? . 




^ Solution. 



« 
Draw the Radius C B. Now, becaufe the 

Tangent to a Circle is always perpendicular to 

the Radius, it is evident that the Angle PBT 

will be the leaft poffible, when the Angle PBG 

is the greateft : But, becaufe C B : Sine jL BPC 

: : GP : SineZ-PBCj therefore the Angle PBC 

will 
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liriU hi greateft^ when the Angle CPB i^« 
right one ; Therefore the Angle P B T wifl U 
the lead poflihle when P B isrperpendicalar ta 




CHAP. XV. 

• - » 
4 

Q^U E S T I *I S. 



1 'TpHERE is a Doca- 6 Feet high, hcin^ 
X - ihc Opening of a long PaflCige againft 
a Street 8 Feet wide. QuaBr6 the longefb Lttd« 
fler that can be put in at that Door ? 

II. Let the Line AG, fituated as in the Figi- 



£ 



^ 


I> 




f 


c 




^ 


. , t? 


/ 


V 





ietween the f^arall^ AF and EG, be giveir 
9==^ s as aUb the Diftance AEr^s thm let 
the End G of the iaid Line AG; advance to- 
wards E, whilft the other End of the laid 
Line is elevated as much as the Point A will 
give Icayei till the faid Line CQfnes to itanii 
perpendkular on the Line E G from E to D ^ 

By 



Doctrine p/'Fluxions^ r6$r 

By this Motion *tis plain that the upper End 

of the Line AG will defcribc the Curve ABD : 
Quaere the Nature of the faid Curve, as alfo 

B C its grcateft Diftance from the Line AD? 

III. If a Ball, whofe Diameter is 4 Inches, 
hp thrown into a conical Glafs, f full of Water, 
whofe Diameter is 5 Inches and Altitude 6 ; 
how much of the Ball will be immersed in the 
Water? 

IV. Let A B D be a given curtate Semi-: 




cycloid, /. e. a Sefnicyplpid the Circumference 
of whofe generating Semicircle AGF is greater 
Jhan its Bafe FD. Quaere the Point C, in th^ 
Piameter A F, where the Ordinate C B is a 
Maximum or the greateft poffible ? 

V, Let AB be any given geometrical Curve, 
fnd TB a Tangent to it at any Point B : Then 
if another Curve AD, be fo drawn, as that its 
Ordinate DC, fhall always be in a given Ratip 
to the correfpondjng Segment of the former 
Purvc AB i I iay, thatBT wiU be to TC, as 

the 



# 
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the correfponding Segment of the Curve A B is 
to the Subtangent C X# Qusre the Demons- 
tration > 

VL Let the Dlftance^ AB and AC ftom the 

Perpendidular AQ^ given« Quasre the Point 

P where the Angle B P C will be the greatcit 
poffijtde?/ 
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